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Simplified Nonlinear Model for WRF

FNM: Full Nonlinear Model of WRF

• WRF is suitable for use in a broad range of applications across 
scales ranging from meters to thousands of kilometers.

• WRF is a complex numerical model. There are over 900 total 
expanded subroutines. It has nearly 100 subroutines related to 
its dynamical core.

SNM: Simplified Nonlinear Model for WRF

• A basic, simplified version of WRF is necessary for the 
development of its tangent linear and adjoint models.

• Currently, we focus on the dry, adiabatic Euler mass 
coordinate WRF with simple diffusion, as the simplified 
nonlinear model for WRF.



Numerical Experiment with WRF SNM

• WRF SI (Standard Initialization) at 12 UTC 12 June 2002

• NCEP AVN analyses are used for the initialization

• Model domain covers continental US (CONUS) with grids 
of 61X51X15 and grid-spacing of 90 km

• 3rd order Runge-Kutta (rk_ord=3) integration scheme

Initial condition (sea-level 
pressure) at 1200 UTC 12 June 
2002
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WRF SNM

WRF simplified nonlinear model (SNM) using the dry, 
adiabatic, em dynamical core with simple diffusion 
(diff_opt=1 and km_opt=1) can produce a reasonable 
advection of the weather systems

For the selected test domain with 90km resolution, the SNM, 
FNM 24-hr forecasts and AVN analysis at the same time are 
comparable

SNM 48-hr forecast becomes apparently different from the 
FNM forecast and AVN analysis

The dry, adiabatic WRF SNM is taken as an initial start for 
the WRF adjoint model development 



Development of the Adjoint Model for WRF

WRF Linearized Model
• The tangent linear of SNM will served as WRF linearized

model. The trajectories are interpolated from the FNM

WRF Adjoint Model
• The adjoint model is developed according to the WRF 

linearized model with the same trajectories

• In WRF incremental 4D-Var, the outer-loop FNM is not 
necessary to be consistent with the inner-loop linear and 
adjoint models. But the linear and adjoint models must be 
consistent with each other to ensure the minimization 
convergence



Development of the Adjoint Model for WRF

• TAF (Transformation of Algorithms in Fortran) is a source-to-
source automatic differentiation tool for Fortran 90/95 codes. 
It is a commercial software developed by FastOpt (a German 
company)

• TAF has been successfully accomplished the tangent linear 
and adjoint model development for MM5V3 and several other 
numerical models

• WRF model is well-organized in its routines. All variables in 
each subroutine are explicitly declared. All the exchange 
variables between subroutines are put in the arguments list, 
and easy to be identified as input or output variables

• The tangent linear and adjoint models have been produced by 
automatic differentiation software TAF



Tangent Linear Verification

Let F(X) denotes a nonlinear subroutine 
(function), and g_F(X, g_X) denotes its tangent 
linear subroutine (function). The correctness of the 
tangent linear g_F(X, g_X) can be tested against 
its nonlinear F(X) using the Taylor-Lagrange 
formula:

where X is the input vector and g_X is the 
perturbation on the input vector.
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Adjoint Verification

Let a_F(X, a_X) denotes the adjoint subroutine 
(function) of g_F(X, g_X). The correctness of the 
adjoint a_F(X, a_X) can be tested against its 
tangent linear g_F(X, g_X) using the adjoint
relation:

where g_Y=g_F(X, g_X) and a_Y=a_F(X, g_Y).
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Correctness Verification

The correctness verification is undergoing. We have 
to ensure that the differentiation (linear and adjoint) 
for each subroutine is correct

Here gives an example of our testing results about 
the advection subroutine for scalars (Subroutine 
advect_scalar)

It has over 1000 statements in the subroutine. TAF 
could differentiate the subroutine and transpose the 
matrix correctly



Variations of the function                                      with

respect to log(α). F denotes the subroutine advect_scalar
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Testing is 
conducted on 
DEC (with 32-
bit precision)



Correctness Verification
For the tangent linear testing with the value of α small but 
not too close to machine zero, Φ(α) is close to 1. This 
indicates the tangent linear code is right.

Adjoint testing with the DEC 32-bits precision machine also 
passed the verification. The verification is based on the 
adjoint relation. 

0.337541E+06 0.337542E+6

It indicates the two numbers are equal with the machine 
accuracy.

_ , _ _ , _ )g Y g Y a Y g X< >=<



Prospective Applications
WRF 4D-Var –
improving the model IC

Parameter Estimation –
improving model 
parameter

Adjoint Sensitivity –
defining the sensitive 
region for model IC and 
obs

Singular Vector –
defining fast-growing 
perturbations for a 
specific forecast 
(trajectory) 

Numerical prediction 
in operational

Targeting and 
predictability



WRF 4D-Var
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Cost function:

Gradient of the cost function:

where is the nonlinear model integration from to to ti,        
is the linear model and        is its adjoint model, Hi is 
observation operator,      is the linear operator and       is its 
adjoint.
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Incremental 4D-Var
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Multi-incremental 4D-Var

0
b bX X= 0

0 0( ) ( )X t X tδ δ= 1 1
0( )n n n

b bX X X tδ− −= +

Innovations

Usually ,                          , and                 ,

n=0, 1, 2 , … denotes outer-loops
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WRF incremental 4D-Var inner-loop

CV Transform: x’=Uv

SLM Integration: x’(t)=Rx’(t0)

Observation Operator: y’=Hx’

Cost Function J = Jb(v) + Jo(y’)

Adjoint Observation Operator: x’adj=HTyadj

SAM Integration: x’adj (t0) =RTx’adj(t)

Adjoint CV Transform vadj=UTxadj

Cost Function Gradient = Jb(v) + Jo(vadj )



Parameter Estimation



Adjoint Sensitivity
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Flow Chart of Adjoint Sensitivity Calculation



A NORPEX cyclone sensitivity to IC

Sensitivity 
of satellite 
brightness 
to the 
temperature 
and 
moisture 

Relativity sensitivity



Singular Vectors

Define a norm (under the definition of E sense)

We seek the initial perturbation      that maximize the norm    .

Introducing the tangent linear model R,                   , then

is the adjoint of R with respect to the E-norm.

The problem becomes an eigenvalue problem. We seek the 
eigenvectors and eigenvalues of the matrix                    .

The eigenvectors are singular vectors, and the corresponding 
eigenvalue is singular value.
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SV’s applications

• Study of the predictability of atmospheric model

• Instability study of atmospheric and oceanic flows

• Adaptive observations



Summary
• The tangent linear and adjoint models are developed using 

the automatic differentiation software TAF. The correctness 
verification is ongoing. We expect this development will be 
done in the summer of 2005.

• There are a number of applications of the WRF adjoint 
system in the future. The basic research version of the WRF 
adjoint system will be ready in 2005.

• 4D-Var

• Parameter estimation.

• Adjoint sensitivity study

• Singular vectors

Numerical prediction 
in operational

Targeting and 
predictability




