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ABSTRACT

Two-dimensional, moist convection is modelled with a low-order, spectral model. Heating
effects of condensation are taken into account and in particular the vertical asymmetry of the
heating field is considered. Due to the interaction between the flow field and the condensa-
tional heating, hysteretic effects arise. The sensitivity of the model results to uncertain
parameters like the dissipation is investigated. For an atmospherically realistic range of
parameter values, it is found that the hysteretic behaviour is a robust model property.

1. Introduction

Moist convection is a very common
phenomenon in the atmosphere ranging from
small scale cumulus to severe thunderstorm com-
plexes. In large-scale models of the atmosphere,
these processes have to be parameterized because
their scale is too small to be resolved by the
models. The parameterization of these effects
must be based on properties of nonhydrostatic
models while most of the large-scale models rely
on the hydrostatic assumption. The study of
nonhydrostatic models commonly involves exten-
sive numerical integrations (as for example in
van Delden and Oerlemans, 1982 or Asai and
Nakasuji, 1982). Much insight into the problem
can be gained by using highly truncated, so-called
‘low-order” models. Saltzman (1962) and Lorenz
(1963) studied dry convection by only taking a
few spectral components of the motion and tem-
perature fields into account. These studies have
been followed by many others, most of them
concerned with dry convection, which is com-
monly known as the Rayleigh-Bénard convection
problem.

When moist processes are considered, the for-
mulation of a ‘low-order’ model presents some
special difficulties. These are due to the complex
expressions for latent heat release and the
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asymmetric properties of condensation with
respect to upward and downward motion. One
simplified approach of the physics of condensa-
tion has been proposed by Shirer and Dutton
(1979). In their model, the condensation pro-
cesses have the effect of modifying the critical
Rayleigh number, i.e., the critical vertical tem-
perature gradient needed for the onset of
convection. The numerical experiments of van
Delden and Oerlemans (1982) show, however,
that condensation processes also have several
other important physical effects. One of these is
the scale selection, i.e., which horizontal length
scale will dominate in a particular moist
convective situation. Another is a hysteretic
effect, i.e., once convection has started, it will
continue even if the Rayleigh number is de-
creased below the critical one needed for the
onset of convection.

In this paper, we will develop a low-order
model which will exhibit hysteretic effects, a
feature not present in the low-order model of
Shirer and Dutton (1979). With the low-order
model we are also able to investigate parameter
space and in particular to isolate the conditions
under which hysteretic behaviour may be found.
The moist convective problem is investigated
using a two-dimensional Boussinesq model. The
effect of moisture is only introduced via conden-
sational heating. The condensed water is assumed
to rain out instantly and thus no evaporative
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cooling will result. We expand the motion and
temperature fields in spectral components and
obtain a low-order model by considering a few of
these components. The non-linearities retained in
the low-order model are of two different kinds.
One is due to advection of heat by the motion
field while the other is due to the nonlinear
effects of the condensational heating. The model
will be formulated in Section 2 and the low-order
spectral representation of the model will be de-
veloped in Section 3. Equilibrium states and
stability studies will be presented in Section 4
along with a parameter sensitivity analysis. The
conclusions are finally given in Section 5.

2. The model

In this section, we will develop the model. The
central theme is to model the condensation
process and to simplify it by successive approxi-
mations. Finally a non-dimensional scaling pro-
cedure is applied.

2.1. The basic equations

We consider two-dimensional flow between
two horizontal boundaries which are assumed to
have an infinite heat capacity. We thus keep the
temperatures at the top and bottom constant (see
Fig. 1). In a state of rest, we have the tempera-
ture distribution T,(z). When convection has
begun, the temperature deviation from Ty(z) is
given by 6.

As basic equations we choose the Boussinesq
approximated vorticity equation and the thermo-
dynamic equation in a two-dimensional (y, z)
plane (Lorenz, 1963):
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Fig. 1. The structure of fluid motion and boundary
conditions.
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The symbols have the following meaning:

¥ streamfunction

0=T-Ty2) temperature deviation

g acceleration of gravity

a coefficient of thermal
expansion

K coefficient of thermal
conductivity

v coefficient of kinematic
viscosity

c, specific heat of air at constant
pressure

Q heating due to condensation

I'=—dTy(2)/dz lapse rate of Ty(z)

Iy=glc, the dry adiabatic lapse rate

I, the moist adiabatic lapse rate

S=T-T, dry static stability

(A, B)/é(y, z)  Jacobian

The horizontal velocity v and the vertical velocity
w can be calculated:

{v= —ov/éz 2.3)

w= /¢y

The lateral boundary conditions to be used are all
periodic. The temperature deviation 6 at the
upper and lower boundaries will be kept zero.
For the streamfunction ¥, the upper and lower
boundaries are taken to be free (Lorenz, 1963), in
which case ¥ and V2V vanish at the boundaries.
The boundary conditions are:

atz=0andz=h ¥Y=V¥=0=0 (24
Lateral boundary conditions:
¥, V2¥ and 0 are periodic. 2.5)

The difference between (2.2) and the thermo-
dynamic equation used by Lorenz (1963) is due to
the inclusion of the condensational heating Q,
and we will now turn our attention to the formu-
lation of Q.

2.2. The heating function

To simplify the problem, we will let all con-
densed water rain out so that in the region of
upward motion there is heating due to condensa-
tion but in the region of downward motion there

Tellus 38A (1986), 5
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is no cooling due to evaporation. Thus the up-
ward motion is nearly dry adiabatic below the
lifting condensation level and closely follows a
moist adiabat above, i.e., the rising parcels cool
according to the moist adiabatic lapse rate (I',).
Downward motion is always close to a dry
adiabat. The motion cannot be exactly adiabatic
due to the inclusion of dissipative terms.

The condensational heating may be expressed
as (Haltiner and Williams, 1980):

(2.6)

where ¢, is the saturation specific humidity, L, is
the latent heat of condensation and ¢, is a
Heaviside type of function:

0
5 =1}

z,, being the height of the lifting condensation
level. In the following we will assume z, to be a
constant and we will see later that z, is one
important parameter determining the nature of
the moist convection.

By inserting 7= Ty(z) + 0(y, z, t) and using the
hydrostatic approximation and the Clausius-
Clapeyron equation, (2.6) becomes:

-
Z

w0 or Z

< b
w>0 and z2>z,

2.7)

L, dg, L, [ L /do dTo(z)>
—— b ——=——34,|- ,(-+w——
¢, | dt c, R, T2\ dt d:z
g
+-—="—wlq. 2.8
RdT“:lq‘ (28)

We insert (2.8) into the thermodynamic equation
(2.2), which then can be written:

. do
1+ .Sqél)gt—

=ls+sq5,(r—§{—)} W+ V20, 2.9)
. €

v

where S,=¢Llq/c,R,T°. The constants used
here are the gas constant of dry air R, and the
ratio of R, and the gas constant for water vapor
R,, e= R /R,. It is convenient to change eq. (2.9)
into the following form, which is better suited for
the purpose of inserting a spectral representation
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kV320
1+5,3,

s+ C"T>
TP s, o\ e /)"

S‘l
+{1- d, | kV20
148,
6T L gleL,—c,T)
=|:S+-——*—"l ¢ qE ’p ]nv
¢, RyT* +eLig,

. gT
+ Sq()lr— Sqé, E_LV] w4+

+(1 - 5, M)kV20

=(S+ 6 H)w+ (1~ M)V (2.10)

In eq. (2.10), H is a heating function coefficient
which can be expressed:
Lg(Lie—cT)
S, R,T* +elg,

piid

H=I (2.11)

4 I‘m’
and M is a factor modifying the dissipative term
which may be written:

Mo i elig,
c,R,T?+ ellq

2.12
1+ 212

q

The derivations of I', and I',— 1, are given in
Appendix A. By performing the manipulations
shown in eq. (2.10), we have rescaled the thermo-
dynamic equation. The heating function coef-
ficient H in eq. (2.10) changes the parameter
multiplying the vertical velocity from (I' — 1) to
(I' =Y,) as §, changes from zero to one, i.c., as
the motion changes from dry to moist convection.
The factor M, which multiplies the dissipative
term, originates from the factor multiplying the
time derivative df/dr in eq. (2.9), 1+ §,. From
eq. (2.12), we see that M is an increasing function
of g, and that M < 1. As the moisture content
increases, the relative influence of the dissipation
thus diminishes and the motion approaches a
moist adiabatic process.

Besides the advection term, the thermo-
dynamic equation as given by eq. (2.10) involves
complicated nonlinearities due to H, M and §,.
In order to develop a low-order model, we first
have to simplify the equation and we will begin
by turning our attention to H and M.
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One assumption is to assume a constant H and
M =0 as in Shirer and Dutton (1979), in which
case the condensational heating acts as a height
independent modification to the dry static stab-
ility. However, the saturation specific humidity,
q,, decreases with height and H is therefore
height dependent. Because the difference between
S=I—T,on the one hand, and H=T,~T_, on
the other is small, the height dependence of H
may be very important.

According to its definition, the heating func-
tion coefficient, H, is not dependent on the lapse
rate of the basic temperature profile if the motion
is exactly moist adiabatic. In this case, 7°and g, in
(2.11) are determined by moist adiabatic process,
i.e., H is determined only by the temperature and
specific humidity at the bottom, 7, and g,.
However, in the real atmosphere, the upward
motion cannot be exactly moist adiabatic above
the lifting condensation level because of other
physical processes like entrainment. Therefore,
only an approximated adiabatic process can be
expected.

We now assume (0| < Ty(z) and therefore
T=Tyz)+6(y, z,t) may be linearized around
the basic state, T,(z). The saturated specific
humidity ¢, is then calculated using Ty(z). Which
temperature profile 7,(z) to choose is not
obvious. When condensation occurs, the basic
temperature profile is modified and thus may
influence H. This modification is described by
the dynamical response of the model, but in this
study we wish to avoid this nonlinear process by
a linearization. As we are linearizing around a
state of rest, we use the basic temperature profile
To(z) =Ty — Iz in the following. By just using
To(z), we systematically underestimate the tem-
perature when evaluating AH. From (2.11), the
approximated heating function coefficient is
expressed:

L,g(2)(L,e—c,To(z))
¢ ¢,R,To(2)? +£L2q(2)

H(Z)=T (2.13)

The expressions for g(z) and the details of the
derivation are given in Appendix B. Eq. (2.13) is
only applied above the lifting condensation level
and the specific humidity is thus always at its
saturated value. In Fig. 2, three heating function
coefficients are shown as functions of height,
where two are linearized around Ty(z) with differ-
ent lapse rates and one calculated according to

8 1

Height z (km)

0 T T T T T — 1

0o 1 2 3 4 5 6 7
Heating function coefficient H (K knri')

Fig. 2. The heating function coefficient A(z) and
[,—T,. In the figure, the full line and dashed line are
heating function coefficients with lapse rates, 9.5 K
km~' and 6.5 K km~' respectively. The dotted line is
I'y—1',,. The parameters are:

[y=g/c,=10K km™!

L,=2510°] kg™!

¢, =1004 J kg~' K-!

R,=287J kg ' K™!

£=0.622
T,(0) = 300 K
40(0)=23 g kg™

the moist adiabatic lapse rate. We see that the
smaller the lapse rate of the basic temperature is,
the larger is the heating function coefficient. We
can conclude that by linearizing around the tem-
perature To(z), the condensational heating is
underestimated, and this underestimation
becomes more serious the further the actual lapse
rate is removed from a moist adiabatic one.

In studies of moist convection, a more impor-
tant parameter is the distribution of net heating,
(S + 8, H)w, but before we know the structure of
the vertical velocity w, (S+ 6, H)w cannot be

Tellus 38A (1986), 5
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Fig. 3. The net heating due to moist adiabatic processes
as a function of height z. Here we assume that the
vertical velocity has a sine formed profile and W, is the
characteristic vertical velocity. The parameters chosen
to be the same as in Fig. 2 except ¢,: (a) g,(0)=23 g
kg'; (b) go(0) =15 g kg~'.

determined. However, to get an idea of the
vertical distribution of the heating, we choose a
sinusoidal vertical velocity w ~ sin(nz/h) and then
the net heating can be calculated as a function of
height. In Fig. 3a and Fig. 3b, the net heating in
the region of upward motion is shown with two
different lapse rates of Ty(z). In Fig. 3a, we
choose the T, = 300 K and g, = 23 g kg~' so that
the height of the lifting condensation level, z,, is
practically zero. In Fig. 3b, with T, = 300 K and
go=15 g kg~!, z, is about one kilometer. From
Fig. 2 and Fig. 3 we may thus conclude that
condensational heating alters the effective static
stability parameter from S to (S + §, H) and that
this effect is not evenly distributed in the vertical.
The total condensational heating increases with
the lapse rate of the basic temperature profile and
decreases with the height of the lifting condensa-
tion level.

In the case of a vertically symmetric distribu-
tion of the vertical velocity, there will be a
heating maximum at lower levels due to the
vertical distribution of ¢, and this will contribute
to a destabilization of the atmosphere. The onset
of convection will enhance the vertical motion
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through a destabilization, which will further
enhance condensational heating. This positive
feedback 1is balanced by dissipation, dry
adiabatic heating in the region of downward
motion and the dry adiabatic cooling below z, in
the region of upward motion, which thus limit the
magnitude of the motion field set up by conden-
sation processes.

The thermodynamic dissipation coefficient is
modified by a term containing the factor §, M
which also introduces a nonlinearity through its
dependence of temperature and §,. We may
approximate M in the same way as H. The
parameter M is then only height dependent and
can be expressed:

eLiq,(2)
(&% R, To(z¥) + Equs(Z) .

M(z) (2.14)
In Fig. 4 we show M(z) as a function of height. It
1s clearly seen that M(z) cannot be neglected
compared to the factor 1 in the eq. (2.10),
especially at lower levels. As M(z) decreases with
height and x is assumed to be a constant, the
vertical asymmetry of the total heating profile
will thus be even further enhanced.

Height z (km)

° 0 0.2 04 086 08 1
Modifying factor M
Fig. 4. The modifying factor M. In the figure, the full
line and dashed line are M(z) with lapse rates, 9.5 K
km=! and 6.5 K km~', respectively. The dotted line is
M calculated from moist adiabatic values of T and q,.
The parameters are chosen to be the same as in Fig. 2.

T
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2.3. Non-dimensional scaling

Before we proceed with further derivations, we
nondimensionalize our variables as follows:

h
y=-y

4

h
z=—1z

n

h2
I=nﬂ2;t' (2.15)
Y = k¥

3
L

goh’

Inserting (2.15) into eqs. (2.1) and (2.2), using
the expressions for the condensational heating
coefficient and then dropping the primes we
obtain the non-dimensional equations:

ViY Y, VYY) éo

Z 4 ovey, 1
= oo Tl te (2.16)
60 XY.6) 4
5= A TRTAH) S
+ (1~ 8, M)V26. @.17)

The boundary conditions have the same form as
in (2.3) and (2.4):

¥Y(y,00=¥(y,n)=0

V2¥(y, 0)=V2¥(y, 1) =0 (2.18)
0(»,0)=0(y,n)=0
2n
Y(y,z)= ‘P<y+7, z>
Vi¥(y,2)= V“P(y +%, z) (2.19)

oy, z)=0(y-+--2a£, z)

Our system has five nondimensional

parameters:
a=h/L aspect ratio

ah* H . . .
H = 5—4—(—22 heating function coefficient

vk

M, = M(2) modifying factor on dissipation
o=Vv/K Prandtl number

S .
R= g(14 Rayleigh number

m4vi

In the real atmosphere, the ‘dry’ Rayleigh num-
ber, R, is actually negative. This is another way
of saying that the mean lapse rate is statically
stable under dry conditions. Our driving force for
convection is the condensational heating given by
é, H,w and R + H, must be greater than zero on
the average for the atmosphere to be statically
unstable under moist conditions. Due to the
presence of dissipative effects R+ H, must be
exceed zero by a critical value which we will
determine when analyzing the model properties.

Now, we have a complete set of equations with
two variables, ¥ and 6, and two equations, (2.16)
and (2.17). The parameters ¢, a and R are
constants while H, and M, are functions of
height.

3. A low-order model for moist convection

In this section, we will develop a low-order
model from egs. (2.16) and (2.17), and then study
the heating parameters in the low-order model.

We can expand ¥ and 6 as Fourier series:

5

¥= T T taweme

n=-% m=—1x

3.

z

0= Z Z onm(t) el(nal' + mz)

n=-—s m=-—7x

(3.2

The fundamental wavelengths are 2n/a and 2z in
the y and z directions, respectively. Inserting
(3.1) and (3.2) into eqs. (2.16) and (2.17), a set of
ordinary differential equations in the component
amplitudes are obtained. Using numerical
methods, it is possible to integrate these equa-
tions within any accuracy limit required, but here
we choose a highly truncated model. We use one
component to represent the streamfunction and
three to represent the temperature deviation:

¥ = /2F(t)sinay sinz
0= 2A(t)cos aysinz
+ B(t) sin 2z + C(¢) sin z.

3.3

The nondimensional ‘¥ field is plotted in Fig.
1. We will see later that the above choice of the
components is the simplest one for the moist
model to retain the following important
properties:

Tellus 38A (1986), 5
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(1) the advection of the temperature deviation
(through the interaction between F and 4,
F and B);

(2) a horizontal change of temperature (A);

(3) a vertical change of temperature implying a
changing vertical stability (B);

(4) a net heating or cooling (C).

By inserting (3.3) into egs. (2.16) and (2.17),
multiplying by suitable trigonometric functions,
integrating from the bottom to the top and hori-
zontally one period, we obtain the low-order
model as follows:

ac
1 +a?

=—o(l+a’)F+ A, (3.4)

aF
dr
dA
T=G(R+ VHY)F—-(1+a?)(1—-iM)A

+4_\@. Mb523+£62MaC+aFB, (3.9
n n

-
35=a334mppwlzu+aaM@r4
dr n n

—4(1 = {M,)B+ 1 M,C — aFA, (3.6)

i

99=aA54nw1+A@41+anM@,A
dt n T

+2M,B—(1 - iM,)C. 3.7

Five constants H,, H,, M,, M, and M_ are
introduced due to the condensation. They are
defined as follows:

H,= 2 J~ H, sin?z dz (3.8)
nJ,
2 (" . .

Hh=—j H, sinzsin2zdz 3.9
nJ,
2 (" .

Ma=—j M, sin? z dz (3.10)
Tt q
2 [ . .

Mb=—J‘ M, sin z sin 2z dz 3.11)
" 2
2 (" )

Mc=—j M, sin? 2z dz. (3.12)
nJ,

The &, has the following properties:
-1 F<0

5y = 3.13

? {+1 F20, (3:13)

which also brings a nonlinearity to the system in
addition to the quadratic terms in the component
amplitudes.
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The details of the derivation of the heating
integrals are given in Appendix C.

By comparing our low-order model with the
same kind of low-order model for dry convection
(Lorenz, 1963), it is evident that if we take away
the parameters related to the condensation, i.e.,
let H,=H,=M,=M,=M_=0, then our model
is just a Lorenz Model. The condensation adds
new terms into the model and changes the coef-
ficients of some terms. The forcing parameter of
the low-order model is the Rayleigh number
which is dependent mainly on the lapse rate of
To(2). The change of the forcing may be inter-
preted as a change of the temperature difference
between upper and lower boundaries.

Condensation processes will affect the model
dynamics in several ways. The most important
effect is the vertical asymmetry of the heating
field which is mainly determined by the lifting
condensation level. In our low-order model this
enters via the integration interval in determining
the coefficients H,and H,.These parameters are
seen to multiply terms including F, the stream-
function amplitude, in the equations for the
temperature tendencies. They are thus associated
with potential energy conversion and in
particular we see that they multiply terms involv-
ing the absolute value of F in eqs. (3.6) and (3.7).
This is due to the assumption that condensational
heating appears in the upward moving parts of
the convection cell, while there is no compensat-
ing cooling in the downward moving branches.
The same effect is responsible for the 6, muitiply-
ing the terms associated with dissipation.

A second effect of the condensational heating
coefficient, which is present in eq. (3.7), is differ-
ent to the first in the sense that it brings about a
net heating or cooling to the whole system. The
structure chosen for the temperature deviation in
the 4 and B components does not allow a net
heating of the whole domain. From physical
considerations, it is however clear that the system
must experience a net heating from condensation
processes. We have assumed that there is an
infinite supply of moisture to the system at the
lower boundary and that the condensed water
will rain out instantly. The net heating will in this
model be described by the C-component which
only has a vertical variation with a maximum at
mid-level.

We have already seen that the existence of
M(2) favours a stronger heating at lower levels
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than at upper levels and it also enhances the
horizontal temperature gradient due to the
properties of the §, function. In other words, the
condensational heating and the modifying factor
on dissipation both act in the same direction in
the thermodynamic process.

4. Steady-states

4.1. The equilibrium states

Before attempting to analyse the time depen-
dent behaviour of the model defined by eqgs.
(3.4-(3.7), we will first determine the steady-
states and their linearized stability properties. By
doing so, we obtain a good idea of the structure of
the trajectory field in the four-dimensional phase-
space of the low-order model.

Setting the left-hand side of eqs. (3.4)-(3.7) to
zero, we see immediately that one steady-state 1s
the trivial one where all component amplitudes
are zero. Additional steady states can be found by
numerical methods, but before we show results
from such calculations we can investigate analyti-
cally the structure of the solutions by simplifying
the equations somewhat. We first assume that M,
=M,=M_=0, thus neglecting the effects of
condensation on the dissipative terms. By doing
so the steady-state equations become

ac
—o(l1 +a*)F+ A=0, 4.1
a(l +a?) Tt a @.1)
aR*F—(1+a*>)A+aFB=0, 4.2)
2 H,|F|—4B—aFA=0, (4.3)
T
A
aH,|F|— C=0, (4.4)
T

where R*=R+ H,/2 is a modified Rayleigh
number. We first note that the amplitude C only
appears in eq. (4.4) and from a steady-state point
of view this component is decoupled from the rest
of the equations. By eliminating F and B from
eqs. (4.1)-(4.3) we arrive at one equation for the
steady-state value of 4 = A, (index E indicates an
equilibrium value)

N 2 41 + a?)?
A —AHLH,JAFI T (R RY)

=0, 4.9

where R, = (1 + a?)*/a®. For a given value of R*,
this equation may have a maximum of four real

solutions. The elimination of F, B and C results
in linear relations between Fy, By, C; and Ag.
Including the trivial equilibrium solutions we
may thus have five steady solutions, for a given
set of external parameters.

The structure of the quadratic equation (4.5)
permits us to deduce under which conditions
there will be one, three and five equilibrium
states. If H, <0 and R* < R_eq. (4.5) has no real
solutions and we thus only have one steady-state,
the trivial one of no convection. If R* > R, eq.
(4.5) has two real solutions regardless of the sign
of H,. This corresponds to states of convective
motion, the two different states are simply phase
reversals of the motion field (F and A change
signs while B and C remain the same). If H, >0,
we may finally find an interval for R*
(R, —[a2H,/4n(1 + a?)]> < R* < R) where five
steady-states are possible. This interval lies below
the critical value for the onset of convection R,
(see Lorenz, 1963), and we may thus find steady
convective motion even if the forcing is below the
critical one needed for onset of convection. This
discussion of the steady-states may be
summarized schematically as in Fig. 5 where the

G.Hb>0 AE
/
Ag=7 b
\
\
\
N
~
! *
Rmin Rc R
b-Hy<0  {A;
R R*

C

Fig. 5. Schematic figure of equilibrium state curves in
two different cases, H,>0 and H,<0. We choose the
Rayleigh number R as the horizontal axis and the
amplitude of the first component of temperature devi-
ation A as the vertical axis. The dashed parts are
unstable equilibria. For further explanations, see text.
(a) H,> 0. (b) H, <0.
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steady-state amplitude A is plotted as a function
of R* for the two different cases H,>0 and
H,<0. For the case H,>0 we see that the
steady-state branch where A; % 0 extends below
the critical value R.. In order to determine the
stability of the steady-state branches we now turn
to a linearized stability analysis.

4.2. Stability study of equilibrium states

Next we determine the stability of the equilib-
rium states by a standard linear stability analysis.
Given a small perturbation:

F Fy F
A=A ) 4 ), (4.6)
B B B
C Ce (o
the linearized system can be written
dD/dt=ND 4.7
where,
F
p=(4 (4.8)
B
c
and
—a(l + a?)
a(R* + By)
2 .
N= a<i H,d,— AE>
n

a—sné H,b,

Here, (Fg. Ag, Bg, Ci) can be any equilibrium
state. The eigenvalues of the matrix N determine
the stability of the equilibrium state. If any
eigenvalue has a positive real part, the steady-
state is unstable.

The resulting unstable equilibrium states are
given in Fig. 5a by dashed lines. In the case
where H, >0 (Fig. 5a) the stable steady-state
curves are separated: one is along the R*-axis for
R* < R_, the others for R* > R, are on either
side of the R*-axis. Between R, and R, we have
three stable equilibrium states for a given R*.
The discontinuity in the solution curve for stable
equilibrium states is a remarkable feature in this

Tellus 38A (1986), 5

389

case. When H, < 0 (Fig. 5b), the system has only
one or two stable states to a given modified
Rayleigh number R*. When R* < R we have a
state of rest and R*> R. steady convection
occurs. The stable equilibrium curves are
continuous. We thus see that in the case where
H, >0 we may obtain steady convection even if
the Rayleigh number is below the critical value
for the onset of convection. From a computation
of H, we have found that H, is greater than zero
if the lifting condensation level is below 2.3 km.
We have also found that when z, is below this
value, the coefficients M, M, and M, are
significantly different from zero. Our previous
assumption of setting these coefficients to zero is
thus not valid and we will have to determine the
effect of these coefficients.

In the discussion above, the change of the
modified Rayleigh number R* comes from an
increasing or decreasing dry static stability, S,
which actually represents the change of the lapse
rate of the basic state temperature, I'. In fact, the
heating parameters H, and H, in our low-order
model are all dependent on the lapse rate of
temperature which means that they cannot be
kept constant when R* changes. But we should
point out that the discontinuity mentioned above
is only dependent on H,. When considering the

ao

- 0 0
1 +a?
—(1+a?) aF; 0
—afFy -4 0 4.9)
0 0 -1

magnitude of the change of H, with I', we have
found that it is of the order O(10-'AR*). This
effect may thus be neglected.

4.3. Steady-states of complete equations and

parameter sensitivity

In our steady-state analysis we set the coef-
ficients M,, M, and M_ to zero in order to
simplify the algebra. It is a straightforward
matter to include these coefficients into the
steady-state analysis and to arrive at a quadratic
equation for the equilibrium amplitude of a com-
ponent. The structure of this equation is quite
similar to eq. (4.5), i.e. it can be written



390

JrAg + fol4gl + (R, — R) =0, 4.10)

where f,, f, and R, depend in a complicated way
on all the parameters of the problem. In this case
we also find a maximum of five steady-states
where one is the trivial state of no motion
(Ag = 0). The stability properties are also similar,
at the point where the trivial steady-state
becomes unstable we also have the intersection
between the parabolas given by eq. (4.10) and the
line A = 0. An example of the equilibrium states
and their stability properties is given in Fig. 6.
In our simplified steady-state analysis we
found that the parameter H, is most important
for the properties of the equilibrium states. The
sign of H, determines whether there is an interval
in R with five equilibrium states while the absol-
ute value of H, determines the width of this
interval. In the complete equations the situation
is not so simple, here all the integrals H,, H,, M,

ar

M, and M, appear in the coefficients f,, f, and

N

Motion amplitude Ag
o o

'
o~
L

-84

-8 v T T
-20 -19 -18 -17 -16

Rayleigh number R

Fig. 6. Equilibrium states of the full model. Dashes
indicate unstable equilibria. Motion amplitude in terms
of the A-component and Rayleigh number are non-
dimensional. Parameter values:

z,= 1000 m T,=288 K

h = 8000 m po=1.013 10° Pa
a=1 £=98ms?
c=1 a=1/300

7 =2 hours ¢, =1004.
I'=5Kkm™!
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R, of eq. (4.10). To investigate how the width of
the interval with five steady-states depends on
the model parameters we have to resort to
numerical methods. By rewriting eq. (4.10) as

R=A(4el +//2/1) + Ro = fAf:, @.11)

we see that the minimal value of R = Ry — £}}/4,
is obtained when |Ag{=—/,/2f; and when
Ay =0 we have R=R,. The interval with five
equilibrium states is thus given by AR =f}/4f,
and it only exists when f; >0 and f; <0.

Furthermore we note that the critical value for
the onset of convection is given by R, which not
only depends upon the aspect ratio a (as the R,
defined earlier) but varies with all the other
parameters.

We now wish to investigate how the interval
AR and the critical value R, depend on some
basic model parameters. The first, and perhaps
most obvious, model parameter to look at is the
lifting condensation level, z,. If our results are to
be interpreted as atmospherically relevant, z,
must lie within the lower parts of the atmosphere,
say around 1 km. Another important and very
uncertain parameter is the dissipation rate which
here is given by the thermal conductivity and
kinematic viscosity coefficients. By defining a
Prandt! number we have fixed the ratio between
these two and we need only be concerned with
one of them. In the nondimensionalization proce-
dure described in Subsection 2.3 we see from eq.
(2.15) that together with the height scale the
viscosity coefficients determine the non-
dimensional scaling of time. In addition the
viscosity coefficients enter into the non-
dimensional parameters H,, H, and R but not
into M,, M, and M_. The viscosity coefficients
thus determine the relative scaling between dissi-
pative and moist adiabatic processes.

In Fig. 7, we show the critical Rayleigh num-
ber for the onset of convection as a function of
the dissipation time scale 7 in hours and the
lifting condensation level z, in km. The dissipa-
tion time scale is defined via the kinematic
viscosity as T =h?/n>v where h is the height of
our model domain. The time scale t can thus be
interpreted as a relaxation time scale for entrain-
ment processes in deep convection. It also corre-
sponds to our nondimensional scaling of time (eq.
(2.15)). The critical Rayleigh number is shown in
dimensional units and thus equal to the critical
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Fig. 7. Critical lapse rate for the onset of convection
(Sy) in K km~! as a function of the lifting condensation
level and the dissipation time scale. Parameter values
same as in Fig. 6 except for -, and 1.

dry static stability, S,. Negative values indicate
that we have onset of convection even if the flow
is dry statically stable. From Fig. 7 we see that
this is the case for large dissipation time scales
(i.e., weak entrainment) and low lifting condensa-
tion levels. For a condensation level of 2 km and
a dissipation time scale of 5 hours S;=—-5 K
km~', i.e. the vertically imposed temperature
gradient has to be greater than I'y+S,=5 K
km~' for the onset of convection. This is a very
reasonable value for the atmosphere and we see
from Fig. 7 that if the lifting condensation level is
below 3 km, S, is almost independent of the
dissipation time scale if it is above 3 hours. The
critical value S, mainly depends on z,, a behav-
iour very often found in the atmosphere. The
independence of the dissipation time scale is
reassuring as this is a very uncertain parameter in
our model. In previous numerical model studies
of moist convection, as for instance Asai and
Nakasuji (1982), the eddy viscosity coefficient v
was chosen to be 100 m? s=!. This corresponds to
a relaxation time scale of 105 s or roughly 1 day.
In the discussion of Krishnamurti (1975) an eddy
viscosity of 10 m? s=' was considered to be most
realistic for atmospheric conditions and this
corresponding to a time scale of around 10 days.
On the other hand, observational studies indicate
that the typical lifetime of a deep convection cell
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Lifting condensation level zy (km)
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Time scale t (h)

Fig. 8. Difference between the critical lapse rate
needed for the onset of convection and the minimum
lapse rate necessary for the maintenance of convective
motion (AS) in K km~'. Parameter values and axes
same as 1n Fig. 7.

does not exceed one hour (see Atkinson, 1981, pp.
331-334), while a convective storm complex may
last for several hours. We therefore believe that
in our simple model the dissipation time scale
should be closer to an hour than to a few days,
but we find it very difficult to be more precise
than this. For very short dissipation time scales
we need large superadiabatic lapse rates to
trigger convection and the realism of these results
is doubtful.

In Fig. 8, we have also plotted the interval over
which convection is maintained even if the
Rayleigh number is decreased below its critical
value. The interval AS is also given in dimension-
al units and a direct comparison with the critical
value needed for the onset of convection, S, can
be made. We see first of all that the interval
increases with an increasing dissipation time
scale and a decreasing condensation level. There
is a cut-off (AS = 0) for a condensation level just
above 2 km and a dissipation time scale below
0.2 hours. For realistic ranges of the dissipation
time scale and the lifting condensation level we
thus have a non-zero AS and we find that once
convection has started it can persist even if the
Rayleigh number is decreased below its critical
value. The interval AS is reasonable for atmos-
pheric conditions, it ranges from 0 to about 10 K
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km~! as can be seen in Fig. 8. We should remark
that the dimensional values of S, and AS are very
sensitive to the choice of h, the depth scale of
convection. This parameter enters to the power of
four in the expression for the Rayleigh number,
and small changes in A will thus give large
changes in S for a given R.

We have also investigated the dependence of
AS on the aspect ratio, a, and the Prandtl num-
ber, 0. The dependence is generally weak for
variations within a factor of two and we consis-
tently find that the most important model par-
ameter is the lifting condensation level, z,. This
indicates a robustness of the model properties to
variations in parameter values and in particular
we are able to conclude that uncertain parameter
values like the dissipation time scale are not
crucial for the model properties as long as they lie
within a realistic range.

5. Conclusions

In the present study a low-order model is
analyzed to examine the effect of moisture in
convection. The condensed water is assumed to
rain out immediately so that no cooling due to
evaporation occurs. We assume a Boussinesq
approximated model. The effect of condensation
is included as a heating term in the thermo-
dynamic equation. Further approximations are
made with regard to the heating function in order
to simplify the model formulation.

With the very simplest formulation of the
moist low-order model, we are able to determine
the model properties analytically. We find an
instability occurring at a critical value of the
imposed temperature difference between the
horizontal boundaries. This instability is very
similar to the one found in the dry convection
problem (Lorenz, 1963), except that here the
numerical value is modified by the presence of
moisture. This effect has also been demonstrated
by Shirer and Dutton (1979). In addition we also
find an extra backbending of the equilibrium
curve, which implies hysteretic behaviour in a
time dependent integration. This effect arises due
to the release of latent heat when convection has
been initiated. Provided that there is a vertical
asymmetry of this latent heat release, the latent
heat will act to increase the vertical temperature
gradient and thus to enhance the convection. The
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asymptotic intensity of the convection is
determined by the dissipative processes included
in the model. These dissipative processes act to
simulate the entrainment process in the
atmosphere.

In a parameter sensitivity analysis, we find
that the most crucial parameter in the model is
the lifting condensation level. This level is also a
measure of the amount of latent heat which is
released in the model and the vertical distribution
of the heat release. For hysteretic effects to exist,
we find that the lifting condensation level must
be below about 2.3 km. The closer to the surface
we find this level, the more intense the hysteretic
behaviour becomes. The model sensitivity to
other parameters such as the dissipation time
scale and the aspect ratio is not so marked. As
long as the dissipation is sufficiently weak, with a
relaxation time above 2 hours, the qualitative
behaviour of the model is relatively unchanged.
The aspect ratio, which in previous work has
been considered to be of importance for the scale
selection (van Delden, 1984), has not been found
to have any important impact on the model
behaviour.

The hysteretic behaviour is of course not a new
phenomenon in models of cumulus convection
(see for example numerical simulations by van
Delden and Oerlemans, 1982), but we think that
we have demonstrated this phenomenon in a
model which is so simple that exhaustive par-
ameter studies easily can be done. Some investi-
gations have found hysteretic effects in con-
vection models without condensational heating
and these are due to other physical processes not
considered here. In studies by Krishnamurti
(1968a,b; 1975a,b) vertical asymmetries in the
horizontally averaged temperature field were
found and these give rise to hysteretic behaviour
and other nonlinear phenomena. In our model
the same vertical asymmetry appears, but the
physical origin of the heating which give rise to
the asymmetry is different from Krishnamurti’s.
In her models turbulent heat fluxes due to chang-
ing temperatures at the horizontal boundaries
and imposed vertical velocity fields are the physi-
cal origins of the asymmetric heating. In the
atmosphere, these processes are also important
for convection and may thus be considered as
alternative explanations for hysteretic behaviour.
Condensation is, however, from an energetic
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point of view the most dominating process in
atmospheric convection and is thus very likely to
produce hysteretic effects in the manner de-
scribed in this study.

To attack the problem of scale selection in
cumulus convection, the present model is not
sufficient. Additional scales of motion have to be
taken into account and the most interesting as-
pect of this problem is to see whether it is the
advective nonlinearity or the nonlinearity
introduced by condensation which will determine
the scale selection. In the study of Helfand and
Kalnay (1983) scale selection is described in
terms of open and closed cells. They specified a
horizontally uniform and vertically varying
heating field and thus did not take the interaction
between vertical motion and condensational
heating into account. The scale selection is thus
only determined by the advective nonlinearity.
They found that the vertical position of the
heating determines the scale of motion. In a
recent study by van Delden (1985) the advective
nonlinearity in the vorticity equation is absent
but due to the inclusion of condensation non-
linear scale selection is found. It is still an open
question which of these two processes is the most
important one in the atmosphere, but further
studies with an extended version of the model
described here will be undertaken to obtain a
better understanding of this problem.
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7. Appendix A

Derivation of the moist adiabatic lapse rate
The modified Clausius—Clapeyron equation

can be written as:

1dg. L dT 1dp

g. 4t RT di pdr

(A1)

In the moist adiabatic processes, the equivalent
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potential temperature 6, is a conservative
quantity:
L.g,
6, =0, exp , (A2)
¢, T
s0,
d6, dé L,q,
. BY e
0, g, e, T
dar eLlq, Ry d L.g,
=—<1 o ,>—“—”<1 ki >=0,
T c, R, T* T R, T

where 6 is the potential temperature. Using the
hydrostatic approximation, we obtain:

;

. T
I m (E)(’, = constunt
__P_g_<9_T_)
RdT Fp #), = constant
RT (), Lt Lig,
-t S 1+~lq—‘>/ P "’>
R, T ¢, p R,T) (R, T
eLig,

o, L.a,
=0 {1+ ) {1+ —=2),
R,T c, R T*

LaGeL, = &,T)
‘e, R, T +ellq,

8. Appendix B

The specific humidity approximated by a height
dependent function
The basic temperature distribution is:

To(2)=Ty—1TIz; (B.1)

here, T, is the temperature at z = 0, [" is the lapse
rate of temperature. The definition of saturated
specific humidity ¢, can be used:

eE, eL, ( 1 1)
g, = expy | ——=J
P R,\T, T

where P is the pressure and E, is the saturation
vapour pressure at T,. Furthermore, using the
hydrostatic approximation the pressure can be
treated as a function of height only:

gz
P=P,exp ———3,
0 P{ RdT}

(B.2)

(B.3)

where P, is the pressure at z=0 and T is the
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mean temperature. We can now express the
saturated specific humidity as a function of

_ height:
E z eL,
q=%e"p{kir} p{R <T0 T01F2>}
el Iz
= g0(0) exp { R, To(Ty — Fz)}
g el I’

~ %0 °"p{< RT R.ToT,— rz)) ’}
=4o(2). (B.4)

9. Appendix C

Some details of deriving the low-order model

The basic equations in the non-dimensional
form as in (2.9) and (2.10) are:

v? v
("ﬂ\}'=____a(:}', \P)+ (;0+ oV+¥ (C.1)
ct &y, 2) cy
[N ) &y
& Ay, z2)
+(1—- M 5,)V6. (C.2)

The streamfunction and temperature deviation
are expressed by using four components as in egs.
(3.3):

¥ = F(t)/2 sinay sin z (C.3)
0 = A(1)/2 cos ay sin z + B(r) sin 2z
+ C(¢) sin z. (C.49)

Substituting (C.3) and (C.4) into (C.1) and (C.2):
2(1 + a?) sin ay sin z dF/dt

= —g¢,/2a sin ay sin zA

AND E. KALLEN

J2cosaysinzdA/d: + sin 2z d B/dt + sin zdC/d¢
= — FA,/2asin z cos z — FB2,/2a cos ay sin z
— FC\/2a cos ay sin z cos z

+ FR\2acos ay sin z
+ Fé,H,\2a cos ay sin z
1)
— A(1 +a?)/2cos ay sin z
+ A8, M J2(1 + a*) cos ay sin z
(2)
— B4sin2z+ B3, M, 4sin2z—Csinz
(3)
+ Cé, M sin z.
4)

There are four terms, marked by (1), (2), (3)
and (4), come from the condensation. We only
give the details connected to these terms in the

course of the integrations.
From the integration

(C.6)

j B J (C.5)/2 sin ay sin z dydz,

[{] ]

we get:

dF/dt=—0a(1 +a*)F +

A Cc.n

Iy

1 +a

In the integration

I- j (C.6)/2 cos ay sin z dydz,

] [

we have:

) 2aFj J &, H, cos? ay sin? z dydz
0 0

2aFf dz{f ) d)'ﬁ—f’ d)}Hn sin®zcos*ay F>0
Ty 0 In 2a
=4{0 F=0
n In2a
2aFJ dz J dy H, sin? z cos? ay F<0
h 2
: H,
S F,
a 2

+ 0/2(1 + a?)? sin ay sin zF, (C.5)

where
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H =3J H, sin2z dz. (C.8)

nJ.
‘b

2) 2(1+a%)A4 J | J 6, M, sin? z cos? ay dyd:z
0 0

Mu
A,
2

n?
=—(1+a?)
a
where

2 n
M, = Y J M, sin? z dz. (C.9)

“b

n

(3) 428 J j 8, M, sin z sin 2z cos ay dyd:
0 0

2 n
=4.2B~ 6, J M, sin z sin 2z dz
a " J,

2
="—4—\£ 5, M, B,
a n
where
—1 F<0
4, = 0 F=0. (C.10)
+1 F>0
and
2 (" . . .
Mh=; M, sin z sin 2z dz. (C.11)
:'h

na

4 J2¢C [ j 8, M, sin? z cosay dypdz
1l [0

}

2 ? LN
= Jic s, f M,sin?zdz="Y"5, 1 C.
a o an

So we get:

dA
?=0(R+ éHu)F— (1 +a2)(l - ]:Mu)A

2 2

+4 V2 M, 6,B+ N 8. M, C+aFB. (C.12)
b4 n

In the integration

j B j (C.6)/2 sin 2z dydz,

0 0

we get:

)} a\/'Z'FJ J' 8, H, cos ay sin z sin 2z dyd:
0 0
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2 * . .
=a/2F— 4, j H_ sin z sin2z dz
a .

“b

N
22 s,
a 4

where

n

2 .
Hb=—j H, sin z sin 2z dz.
.

(C.13)

“h

@) V@(l-ﬂﬂ)AJ | f oM,

[} 0

X cos ay sin z sin 2z dydz
2 n

=21 +a?)4 =, J M, sin z sin 2z dyd:
a -

2 .
= N2 (4 ), My A,
a Tt

() 4B J J 8, M, sin? 2z dydz
0 0

5

~2M._B,
a

n

=431f M, sin? 2z dz =
al,
where

2 n
M‘.=;J M, sin® 2z dz. (C.14)

4) CJ j dy M, sin z sin 2z dydz
0 0

=C-£j M, sin z sin 2z dz = — M, C.

a J.

h

So, we get

2
9B V2 s F+ Y2 (1t a) My, 4
dr n n

— 41— 'M)B+ ' M,C — aFA. (C.15)

In the integration

J ) j (C.6)/2 sin = dydz,
i) {]

we get:

(1) a\2F f j 8, H, cos ay sin? z dyd:
0 0
2 " Ly
=a,/2F—46,| H,sin*zdz
a " J,
“b

,
=Lﬁ-aégHaF.
a =
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(2) V21 +a*)A J j 8, M, cos ay sin? z dydz

0 0

2 n
= 2(l+az)A\53f M, sin® z dydz
a .
h
22
=L£(l+az)62MuA.
a =n
(3) 4B J.-‘ J &, M, sin z sin 2z dydz
O ]
=4Blj Mnsinzsin2zdz=£2MhB.
al a

~b

@) CJ. j 8, M, sin? z dydz
n 0

n 2
=C£J M, sin?zdz="{M,C.
a J. a

~b

So, we get:

1
%=a£Hu5:F+ \/7(1 +a3);MU62A
n

+2M B—(1—-1M,)C. (C.16)

Up to now, we have got (C.7), (C.12}, (C.15)
and (C.16) as the equations of our low-order
model. The expressions (C.8), (C.9), (C.11),
(C.13) and (C.14) give the definitions of the
numbers H,, H,, M,, M, and M_ introduced by
the condensation.
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