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ABSTRACT

A nonhydrostatic extension to the Pennsylvania State University-NCAR Mesoscale Model is presented. This
new version employs reference pressure as the basis for a terrain-following vertical coordinate and the fully
compressible system of equations. In combination with the existing initialization techniques and physics of the
current hydrostatic model, this provides a model capable of real-data simulations on any scale, limited only by
data resolution and quality and by computer resources.

The model uses pressure perturbation and temperature as prognostic variables as well as a B-grid staggering
in contrast to most current nonhydrostatic models. The compressible equations are solved with a split-time-
step approach where sound waves are treated semi-implicitly on the shorter step. Numerical techniques and
finite differencing are described.

Two-dimensional tests of flow over a bell-shaped hill on a range of scales were carried out with the hydrostatic
and nonhydrostatic models to contrast the two and to verify the dynamics of the new version.

Several three-dimensional real-data simulations show the potential use of grid-nesting applications whereby
the model is initialized from a coarser hydrostatic or nonhydrostatic model output by interpolation to a smaller
grid area of typically between two and four times finer resolution. This approach is illustrated by a simulation
of a cold front within a developing midlatitude cyclone, and a comparison of the front to observations of similar
features.

The cold-frontal boundary was sharply defined at low levels and consisted of narrow linear updraft cores. At
2-4-km altitude this structure gave way to a more diffuse boundary with apparent mixing. Mechanisms are
presented to explain these features in terms of inertial and shearing instability. Convection embedded in the
frontal band formed a prefrontal line at later stages.

Finally, sensitivity studies showed that the frontal band owed its narrowness to the concentrating effect of
latent heating. The frontal ascending branch was supplied by a strong easterly ageostrophic flow in the warm

sector.

1. Introduction

The hydrostatic mesoscale model presented by
Anthes and Warner (1978) has been employed to in-
vestigate meteorological phenomena on a wide range
of scales ranging from continental-scale cyclone de-
velopment to local valley flows. At the same time im-
provements have been made in the representation of
the planetary boundary layer (Zhang and Anthes
1982), the surface radiation budget (Benjamin and
Carlson 1986), the addition of several more cumulus
parameterization schemes (e.g., Zhang and Fritsch
1986; Frank and Cohen 1987; Grell 1993), and an
explicit moisture scheme (Hsie et al. 1984) with ice-
phase processes (Dudhia 1989) for resolved-scale con-
densation. Grid nesting was also added by Zhang et al.
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(1986) and four-dimensional data assimilation by
Stauffer and Seaman (1990).

With improvements in computer power it is becom-
ing possible to use finer meshes. Higher resolution re-
duces errors associated with finite differencing; thus, it
is clear that the future mesoscale model should not be
constrained by the hydrostatic assumption, which ef-
fectively limits the resolution to around 10 km except
in weak flow, nonconvective situations.

There are currently few nonhydrostatic models de-
signed for use with “real data,” that is, with data derived
from three-dimensional observed wind, temperature,
and moisture soundings. For a model to be generally
applicable to such data requires that it can incorporate
not only realistic topography and a diurnal radiative
cycle but also surface fluxes of heat, moisture, and mo-
mentum that depend on local land or sea characteristics
and a representation of boundary-layer processes. A
horizontal coordinate compatible with the curvature
of the earth’s surface is also desirable if the model is
to be applicable to large areas.

Existing nonhydrostatic real-data models include
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one that has been developed by the United Kingdom
Meteorological Office (see Tapp and White 1976; Car-
penter 1979). This model is typically employed with
a 10~15-km grid over an area of 60 X 60 grid lengths.
The Colorado State University model of Tripoli and
Cotton (1982) has also been applied to regional sim-
ulations. Another such model presently under devel-
opment is that of Tanguay et al. (1990), which incor-
porates semi-Lagrangian advection.

In addition to increasing the resolution beyond that
of present hydrostatic model simulations, a nonhy-
drostatic model can be used for much more localized
studies by resolving topographical, urban, and coastal
effects, and deep convection through modeling their
interactions with larger-scale weather systems on a
nested grid model. Thus, the range of simulation ca-
pability would be substantially increased.

A new nonhydrostatic model is introduced in this
paper. A primary consideration in its development is
compatibility and strong overlap with the existing hy-
drostatic Pennsylvania State University—National
Center for Atmospheric Research (Penn State-NCAR )
Mesoscale Model to the extent that routines such as
those -handling advection, diffusion, radiation, the
boundary layer, surface slab model, cumulus param-
eterization, and moisture can be incorporated into the
new model with few modifications. In this way future
improvements in these routines for the hydrostatic
model can be equally applied to the nonhydrostatic
model and vice versa.

The model has been used in a study of an Atlantic
cold front providing a unique view of mesoscale struc-
tures that might exist in such systems. While warm-
season and tropical convective systems such as squall
lines have been simulated often, the three-dimensional
small-scale aspects of cold-frontal structure have rarely
been simulated until now. This may be due to the
complexity of initializing an idealized yet realistic front
in a model due to the need, in order to avoid spurious
waves, for a well-balanced thermal- and gradient-wind
flow with strong ageostrophic circulations, a back-
ground baroclinic circulation, and adequate boundary
conditions that are consistent with the interior. For the
nonhydrostatic model, initializing with real data and
nesting gives the desired balances between the frontal
and larger scales.

Conceptual models of cyclone cold fronts developed
from analysis of synoptic data have more recently been
enhanced by radar and aircraft studies to give some
consensus on features that may accompany these sys-
tems, but it is only now that both models and com-
puters have become capable of resolving them. Ex-
amples that will be detailed later in this modeling study
are the warm conveyor belt, the prefrontal rainband,
the narrow cold-frontal rainband, and the convective
postfrontal boundary layer.

In section 2 the nonhydrostatic model equations will
be presented, and the modifications to the Penn State—

MONTHLY WEATHER REVIEW

VOLUME 121

NCAR hydrostatic model will be discussed. Section 3
and the Appendix will describe the numerical methods
employed in the model. Two-dimensional tests on a
range of scales in an idealized flow situation wiil be
presented in section 4, while section 5 shows three-
dimensional results for a real case of a midlatitude cy-
clone and its cold front that have been simulated at
several grid resolutions. A description of the dynamical
processes in the cold front is also included to demon-
strate the potential value of such a model in aiding the
understanding of real weather systems.

2. Model equations
a. The equation set

The model is based upon a set of equations for a
fully compressible atmosphere in a rotating frame of
reference. Additional features include terrain-following
coordinates and a map scale factor very similar to those
of the hydrostatic model ( Anthes and Warner 1978).

When the hydrostatic approximation is made, the
vertical integration of the horizontal convergence serves
to define both the surface pressure tendency and the
vertical motion in a grid column. For the nonhydro-
static equations, however, separate predictive equations
are required for the three-dimensional pressure distri-
bution and the vertical momentum. The pressure ten-
dency equation can be derived from the perfect gas law
and mass continuity equations. The pressure pertur-
bation in the model, p’, is the predicted variable rather
than full pressure. The model variables are thus pres-
sure perturbation p’, the three momentum components
(u, v, w), the temperature 7', specific humidity, and
optionally cloud- and rainwater variables.

In the nonhydrostatic model it is also possible to
retain the full three-dimensional Coriolis torque, not
just the vertical component traditionally used in hy-
drostatic models. In practice though, it has been found,
at least for cyclone-scale simulations, that the other
components are negligible; thus, they will be omitted
from the following equations.

b. Vertical coordinate

The hydrostatic model has a ¢ pressure coordinate
in which the model levels are at constant ¢ where o
= (P = Piop)/p* and p* = P — Prop- The top pressure
is constant so the upper boundary of the hydrostatic
model represents a free surface while p* is predicted.
Thus, the pressure at a given model level is found from
D = p*a + Diop, and this varies with time as the surface
pressure varies.

It is possible to use the same coordinate in a non-
hydrostatic model, as demonstrated by Miller and
White (1984). However, in their equation set the sur-
face pressure is still obtained with a hydrostatic ten-
dency equation for p*, so the coordinate is not fully
based upon nonhydrostatic pressure. Their equations
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result in a three-dimensional diagnostic equation for
geopotential height similar to that for pressure in an-
elastic models.

Laprise (1992) introduces an equation set in which
just the hydrostatic part of the pressure is used as a
basis for a terrain-following ¢ coordinate while the full
nonhydrostatic pressure is calculated from a prognostic
relation. However, height-based coordinate systems are
more commonly used in nonhydrostatic models.

Another option is to use the reference-state pressure
Do to define a ¢ coordinate. In such a system p* is
constant with time and depends only upon the terrain
altitude, while the o levels are also fixed in space, so
the coordinate is more closely related to height than
pressure. A given grid point remains at a fixed height
above the surface, and the top of the model domain is
a surface of constant height. Therefore, the coordinate
is exactly equivalent to a terrain-following height co-
ordinate that is based on a suitably stretched function
of z. The pressure at a point is given by p = p*a + piop
+ p' = py + p’ where p’ is a predicted quantity. Imple-
mentation of this coordinate requires little change in
the physics routines of the Penn State~-NCAR Meso-
scale Model, a major factor in choosing it for the new
nonhydrostatic version.

The basic model equations can be written in this (x,
y, o) coordinate system as follows after subtracting large
canceling terms from the vertical momentum equation:

!
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In the above, subscript 0 denotes reference state and
primes denote deviations from the reference state. The
density is p, the potential temperature is 6, the heating
rate due to diabatic processes (i.e., latent heat and ra-
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diation) is Q, and subgrid-scale eddy terms are rep-
resented by D,,. The constants g, f, R4, ¢,, and vy rep-
resent acceleration due to gravity, Coriolis term, gas
constant for dry air, heat capacity at constant pressure
of air, and the ratio of heat capacity for air at constant
pressure to that at constant volume.

The advection terms may be expanded for any vari-
able 4 as

04 dA . 94
vVA=su—+v—+o—,
ox dy do
where the “coordinate velocity” used for advection,
o, is related to the model-predicted velocity compo-
nents by

(6)
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The upper and lower boundaries are taken to be rigid
surfaces so o = 0 is applied as the boundary condition
at o = 0 and ¢ = 1. For (7) free-slip (i.e., zero-gradient)
conditions are applied to obtain the horizontal velocity
at these boundaries. The divergence term in (1) can
be expanded in (x, y, o) coordinates as

(7
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Over a flat surface p* is constant, and the second and
fourth terms on the right disappear.

c. Moisture and heating

The conservation equations for moisture with trans-
fer terms between various categories such as vapor,
cloud, and rain (g, q., and g,, respectively, see Hsie et
al. 1984) can easily be added to the above equations.
Latent and radiative heating contribute to Q. Virtual
temperature perturbation T, = T, — T replaces 7' in
(4) and p = p/R,T, in (2)-(5). A liquid drag term,
—g(g. + gq,), may also be added to the buoyancy terms.
The value of ¢, can be modified for moist air but v is
assumed to remain constant irrespective of water vapor
content and the reference state is taken to be dry.

It has been found (Klemp and Wilhelmson 1978)
that the last two terms in parentheses in (1), repre-
senting the contribution of diabatic effects and subgrid-
scale heat flux convergence to the pressure tendency,
can be neglected, thereby saving several computations.
However, a fact that has not been considered yet is that
a model with a rigid upper boundary may behave more
realistically without these terms in some situations.
Specifically, their removal remedies the overheating
caused by vertical confinement by allowing the model
atmosphere to mimic free expansion. A particular case
where the effect may be important is that domain-scale
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clear-air radiative cooling would be somewhat over-
estimated without the modification. The role of the Q
term in ( 1), which we choose to neglect, is to increase
the pressure and thereby force expansion in regions of
heating, generating acoustic and gravity waves. Drop-
ping the term amounts to neglecting the small part of
the velocity field that is directly due to expansion while
allowing the temperature to change as if free expansion
at constant pressure were occurring. It is also consistent
with the assumption that the saturation adjustment is
isobaric in the model’s calculation of condensation and
evaporation.

d. Sound waves and gravity waves

Equations (1)-(4) have been written in a form that
isolates the acoustic (high-frequency) terms on the left
of the equations following Klemp and Wilhelmson
(1978). Such a division into high- and low-frequency
terms has been shown to be extremely beneficial to
model efficiency when a time-splitting scheme is used
whereby high-frequency terms alone are evaluated on
a shorter time step. The advantage is particularly
marked when gravity wave speeds permitted by the
model are much less than the speed of sound (300-
350 m s7}).

The use of a rigid upper boundary condition instead
of a free-surface condition eliminates external gravity
waves that may have speeds comparable with those of
sound. It is these waves that restrict the time step in
the hydrostatic version of the model, except when a
“split-explicit” scheme is used for deep modes. Internal
gravity waves provide a corresponding limit for models
bounded by a rigid lid. However, for typical heights,
lengths, and atmospheric static stabilities of the model’s
domain, these waves allow for a significantly longer
time step than sound waves and so time splitting can
be used.

Another constraint on the longer time step is the
basic flow that Doppler shifts the gravity wave fre-
quencies. Also, for grid lengths less than about 10 km
and vertical grid lengths less than 1 km, the Courant
number stability condition for vertical motion in
strongly convective regions can provide a greater lim-
itation to the time step than internal gravity waves.
Allowing for these factors, the model equations can be
stably integrated in time.

A feature of the equations that is unusual for non-
hydrostatic models is that temperature, rather than po-
tential temperature, is a predicted variable. This may
have advantages in real-data assimilation where tem-
perature is provided and in moisture and radiation cal-
culations that require the temperature. However, there
is an adiabatic warming term (Dp/Dt)(pc,)”" in the
temperature prediction equation (5), and representa-
tion of unresolved vertical turbulent mixing requires
that potential temperature be calculated.

The use of temperature as a variable merits some
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consideration, as it is a distinctive aspect of this non-
hydrostatic model. Note that the buoyancy term gp'/
p has been split into an acoustic term, gp'/~p, and a
nonacoustic sum of two terms, —(g7'/7)(po/p)
+ (gRap'/ cpp), in (4). This contrasts with an earlier
model of Cotton and Tripoli (1978), who did not treat
the first term as acoustic. The last two terms correspond
to —g8'/6y; this is considered nonacoustic because
sound waves do not substantially affect the potential
temperature. Hence, this part of the buoyancy does
not vary as sound waves propagate through a given
point even though the pressure and temperature per-
turbations separately do undergo acoustic oscillations.
Note that since these high-frequency temperature vari-
ations are assumed to have no feedback on the sound
waves in the model equations, temperature does not
need to be predicted on the shorter time step, but its
variation on the long time step must remain consistent
with that of pressure if acoustic oscillations in the two
terms, (gT'/ To)(po/p) — (gRap'/c,p), are to cancel
each other.

From the above arguments it is important that the
three pressure terms common to (1) and (3), that is,
those in parentheses in (5), are treated consistently if
the model is to handle the buoyancy correctly and ap-
proximately conserve potential temperature (entropy)
in dry-adiabatic motion. Further details of the coupling
between temperature and pressure are described in
subsection 3d.

3. Numerical method

Much of the finite differencing remains as in Anthes
and Warner (1978), particularly the advection terms
(see subsection 3b), but the addition of two more pre-
dicted variables, p' and w, and removal of one, p*, has
necessitated changes and additions to their equations.
These will be summarized in this section and are de-
tailed in the Appendix.

a. Grid structure

As in the Penn State-NCAR hydrostatic model, the
grid has a type-B staggering ( Arakawa and Lamb 1977)
of horizontal velocity variables with respect to the
nonvelocity variables. This is illustrated in Fig. 1, which
also shows that the vertical velocity is defined on the
o surfaces while the other variables are defined halfway
between these levels.

Use of the B grid requires more averaging than the
C grid in the finite-difference equations to obtain the
horizontal velocity divergence, fluxes of variables and
pressure gradients, and less averaging for the Coriolis
terms. Haltiner and Williams ( 1980) have shown that
the B-grid structure has numerical properties compa-
rable with those of the C grid, especially if features are
resolved by three or more grid lengths.

Nonhydrostatic modelers, with the exception of
Miller and Pearce (1974) in an early version of their



MAy 1993
(a) (b)
X X X X X X
o o @] O O
X X X X X X
[ ] L ] O O 0]
X X X
y z
X T,Q,P
X e UV X
ow

FIG. 1. The B-grid staggering of the variables (a) in x-y plane
showing the staggering of horizontal velocity with respect to ther-
modynamic variables, and (b) in x-z plane showing the staggering
of vertical velocity with respect to thermodynamic variables. Cross
points; T, g, p’. Dot points; u, v. Circle points: w.

model, have generally used C-grid staggering. There-
fore, the current model is an exception in this respect,
but there is a definite gain in efficiency when the fully
compressible equations are differenced on a B grid. If
one carries out stability analyses for sinusoidal hori-
zontally propagating sound waves on the three-dimen-
sional B and C grids, using the relevant finite~-difference
scheme (described later), one finds that the B grid per-
mits 2 maximum time step V2 times greater.

b. Advection

Anthes and Warner (1978) converted the advective
terms in the finite-difference equations to flux form
using the hydrostatic continuity relation. In this form
finite differencing adds the advantage of conserving the
advected quantity. With the nonhydrostatic model’s
equations, such a conversion is not exact and a residual
term arises similar to that shown by Wilhelmson and
Chen (1982). For a quantity 4, the substantial deriv-
ative multiplied by p* can be represented as

DA

3 3
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Dt ot ax At Pty

i a D s D O
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The hydrostatic model does not have the extra term
in parentheses that is canceled by the surface pressure
tendency. In the nonhydrostatic version, having p* de-
pendent only upon terrain, this additional term rep-
resents a local mass divergence, (p*/ pg)V - pov. It is
smaller than the flux term, given by the second to fourth
terms on the right, but if there are significant density
deviations from the reference state, the mass divergence
term will be important.
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The finite-difference form of the mass divergence is
made the same as that of the surface pressure tendency
in Anthes and Warner’s hydrostatic model. It is con-
sistent with the flux part such that when flux and mass
divergence are added together, an advection-like finite-
difference term results. Although the inclusion of this
extra term disrupts the conservation properties of the
model, it is more accurate than completely neglecting
mass divergence in a fully compressible model.

Tkawa (1988) suggests that including the mass di-
vergence term can help to keep the model numerically
stable if sound-wave amplitudes grow large, but ade-
quate filtering can control this growth without the term.
The decreased sensitivity of the so-called advective
form to sound waves is probably because in this form,
in which the mass divergence is subtracted, sound-wave
oscillations are canceled out while the flux form retains
them.

The spatial finite differencing of the advection terms
is the second-order centered scheme. However, there
is an option for the first-order upstream scheme to be
used for cloud and rain fields whereby the generation
of negative perturbations is avoided.

¢. Pressure gradient terms

The horizontal pressure gradient in (2) and (3) has
two terms; the first is normally much larger. The pri-
mary term in (2) is differenced similarly to the corre-
sponding terms of the hydrostatic model (see Appen-
dix). The pressure gradient over terrain is generally
better estimated by the nonhydrostatic model. There
are problems with large terms of opposite sign in the
hydrostatic model’s pressure gradient. These problems
can lead to spurious noise over steep terrain ( Mesinger
et al. 1988; Kuo et al. 1988) and are largely circum-
vented by using the local perturbation pressure terms
in the momentum equations. For a reference state
closer to the actual state the pressure gradient becomes
more accurate.

d. Time-splitting scheme and acoustic waves

It was noted in subsection 2d that some terms in the
nonhydrostatic version need a shorter time step because
of their representation of sound-wave propagation, in
particular the pressure terms and gradients in the mo-
mentum equations and the velocity divergence and
reference-state advection in the pressure equation. The
leapfrog scheme of the hydrostatic model is retained
for the long time step with the Asselin filter; however,
the Brown and Campana (1978) scheme is not used.

Time-splitting to represent sound waves has been
employed in several meteorological numerical models,
for example, Klemp and Wilhelmson (1978), Tripoli
and Cotton (1982), and Ikawa (1988). The technique
involves using a number of short time steps to span
the time from (n — 1)Ar to (n + 1)At, to predict the






