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ABSTRACT

An analytic approximation method is developed to treat the problem of thermal convection at large
Rayleigh numbers R. The method is applied to a convection model in which the fluctuating self-interactions
are omitted. The results of the method compare satisfactorily to the exact solutions at large Rayleigh
numbers. The results include a derivation of the R} law for the Nusselt number, and closed form estimates for
the shape of the mean temperature field and temperature and velocity fluctuation fields.

1. Introduction

In two previous papers (Herring, 1963, 1964) a
method was presented for treating turbulent thermal
convection. The procedure consists in deleting from
the Navier-Stokes equations those non-linear terms
which represent the interaction of the turbulence with
itself, i.e., the fluctuating self-interactions. The non-
linear terms responsible for the maintenance of a
statistically steady state are retained by the model.
The model system was proposed as a way to approxi-
mate some of the statistical features of turbulent con-
vection, and was not intended to represent an approxi-
mate treatment of the amplitude equations for the
velocity and temperature fields.

The method presented in the two previous papers is
closely related to the Malkus (1954) theory of thermal
convection, and especially to a reformulation of his
theory by Spiegel (1962). The Malkus treatment seeks
an upper bound to the heat transport, subject to the
constraints that 1) the horizontal average of the
temperature gradient in the fluid be everywhere nega-
tive, and 2) there shall be a “smallest scale of motion”
contributing to the convective heat transport.

The smallest scale of motion was determined by a
stability argument, ie., it was supposed to be the
smallest scale which would grow on the mean vertical
temperature field. In an effort to make this smallest
scale of motion more exact, Spiegel was led to investi-
gate the equations upon which the present method is
based. In the Spiegel treatment, these equations serve
as a way of generating a convenient normal-mode
expansion set. In terms of this set the Malkus theory
approximates the convective heat transport by a finite
sum of terms which are bilinear in the velocity and
temperature eigen-modes. The member of this set
which has the smallest positive growth rate then
represents the smallest scale of motion.

The present method, on the other hand, uses these
equations as a complete statistical system with its own
stability properties. The relationship between the pres-
ent method and that of Spiegel and Malkus is dis-
cussed at greater length by Howard (in press).

In the numerical procedure used by Herring (1963,
1964), the system was allowed to evolve in time until
a statistically steady state was obtained. Such a pro-
cedure, however, is not suitable for obtaining results
at very large Rayleigh numbers (R> 10°) and methods
developed here are suitable to these cases also.

The present paper presents analytic and asymptotic
results for the convection model in which the fluctuating
self-interactions are omitted. The analytic method
proposed here takes advantage of the strong coupling
of the small-scale temperature field to the dominant
large-scale fluid motion. The approximate system
including only these interactions is solved exactly,
and the coupling of the other scales of motion is then
introduced as a correction.

The analytic method is accurate at all values of R
provided the horizontal wave number which supports
the convection is not too large. The method permits
accurate estimates of the shape of the mean tempera-
ture as well as the field temperature and wvelocity
fluctuation fields at very large R.

The methods of the present paper are best suited
to the case of free boundaries. The use of rigid bound-
aries complicates the dynamics. At large Rayleigh
numbers, and for free boundaries, the temperature
fluctuation field receives its main input from the normal
velocity gradient at the boundaries. For rigid bound-
aries, the normal gradient vanishes so that an analysis
of the rigid boundary problem becomes more involved.
However, we may still use the iteration procedure for
rigid boundaries. Some results for the rigid boundary
and for R>10% obtained in this way, are discussed
briefly in Section 5. '
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2. Equations of motion

The steady state equations of motion for the non-
fluctuating system are:

Vi = — RV, (la)
V2= —((2)w, (2a)
a9 0 __
-E= ——(wb). (3a)
03 9z

These equations are derived from a non-dimensional
form of the Boussinesq approximation to the Navier-
Stokes equation by deleting those non-linear terms
having the form of the deviation of a bi-linear quantity
from its horizontal average. The discussion of the
theoretical significance of this procedure and a deriva-
tion of equations is given in Herring (1963). Here,
w(#) is the vertical component of the velocity field, 8
is the temperature fluctuation field, 3(z) is the hori-
zontally averaged temperature gradient and R is the
Rayleigh number. To investigate the solutions to
(1), (2) and (3), we analyze the fields into Fourier
components! as follows:

‘w(;)z‘,r\/z Z wneiw;-} sinmrz, (4)
n=1
V2 = L
0(;):_ Z Bueiwaux’ sinn1rz’ (5)
T n=l
B(&) =14+ Bn cos2ums. (6)
n=l1

Substituting (4), (5) and (6) into (1a), (2a) and (3a)
gives

Wy =J 1O,

L2n—1)>+aJon1=3Z Bluepl—Brrr1)wep1, (2b)
Bu=—Zwyp1[02(n+p)— 140 (2p—2n—1)8)20-2p411 ],

(3b)
where
J.=Ra?/rt(n*+a2)?,
Bo=2,
and
s(X)=1, X>0
=0, X=0
=—1, X<O0.

! The use of Fourier series affords no particular advantage in
formulating an analytic method for treating the present system.
We use it only to facilitate a comparision of the method to the
numerical results. For a treatment of the problem in terms of
spatial variables, see Orszag, S. A., 1964: Notes of summer study
program in geophysical luid dynamics of the Woods Hole Oceano-
graphic Institution, Vol. II. Unpublished, p. 99 et seg.
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The conservation of heat flux is obtained from (3b)
by summing over #, i.e.,

N=Y w,6,41, )
1

=5 Bt L. (8)

Here N is the Nusselt number. In writing (2b) and
(3b), advantage has been taken of the symmetry of the
problem, and only those amplitudes which are non-
vanishing in the stable steady state are recorded. Note
that in Eq. (5), 6(7) contains only one horizontal wave
number a&. This is not a restriction for free boundaries
in view of the fact that the stability analysis indicates
that the stable system contains only a single |&f.

From Eq. (1b) and the definition of J, (), we observe
that if «=0(1), w, will decrease much more rapidly
than 6,. This leads us to expect that the sums on the
right hand side of (2b) and (2c) may be simplified by
putting w,=0 for #>>1. In the next section we investi-
gate the simple approximation obtained by putting
w,=0 for #>1 in Egs. (2b) and (2c). The approxima-
tion is shown to give accurate results for a=0(1), and
arbitrary R. In Section 4 the approximation is im-
proved by reintroducing the higher velocity modes in a
systematic way. In the next two sections, the analysis
is restricted to free boundary conditions.

3. A simplified model system
If J,=0, Egs. (2b) and (3b) simplify to the following:
O201=3T101 T (Brr—Bn), n>1, (92)
Brn=1w; (B2n-1—02011), (9b)

where
1

T,=——.
2n—1)24-a?

Note that for z=1, (9a) becomes an equation for 8y,

le.,
1=2[1—Re(a)/R] (9c)
where
(14a2):
Rola)=7n? T

To make the above system determinate we supplement
it with the approximate form (J,=0 for »>1) of the
heat flux equation (7).

To solve this system, we introduce (9a) into (9b) to
get the following difference equation for 3,, i.e.,

Tn+]48n+1+ Tn,Bn—l

T )8a=0. (10
(Jl(N—1)+ + *’)B (102)
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Egs. (8), (9c) and (102) comprise a complete set for 8.
Once B is known, 6, may be most simply found from
(9b), summed from # to o, ie.,

Oun-s=01 T/ (N—1). (100)

Eq. (10b) is obtained from (9b) by summing it over
and using (7).

Eqgs. (10) may be conveniently solved numerically
by iteration, by assuming a trial value for N, com-
puting B,, recomputing N from (8), etc., until con-
vergence is achieved. In practrce the procedure is
rapidly convergent. However, if N is fairly large (2 2),
a simpler approximate procedure becomes accurate. If
N is large, the 8, becomes a smoothly decreasing func-
tion of 4. Egs. (10) may then be replaced by a suitable
differential equation with little loss of accuracy. To this
end we define smooth functions of g(n) and T'(n)
by the equations

agn) -
=3(Bry1—Bn-1),
an
#B(n) _
—.Bn+1+6n— Z.Bm
dan?
and
T(%)ET,H_%

Introducing these definitions into (10a) gives for 5{(n)

Gl

Ji(N=1)
To solve (11), we put

(1

B(o)= f @e S (e,
¢

where §=2n[2/7:(N—1) T}, fo=¢ (n=1)and e={¢*a’/16.
Substituting this form for 8(¢) into (11) gives

axf
—— (%t f(e)=0. (12)
ag?

Eq. (12) has for solutions the parabolic cylinder func-
tions, D_3_(¢), as defined by Magnus and Oberetinger
(1949). These are conveniently represented by a

definite integral
1 0
/ e Sy,
TG+e Jo

According to (12) 8(¢) may then be written as

(13)

D_y ()=

B()=Bx D' (5,

D'(§0)
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and hence,

D(0)
D'(fo)to

N~1z[wdnﬁ(n)= (14)

Here the primes denote differentation with respect to {.
The corresponding spectrum for 6, may be worked out
from (10b) i.e.,

(15)

We may now extract N as a function of R from (14) by
using the definition of ¢, and by assuming that N is
large enough so that the argument of the D-functions
in (15) may be replaced by zero. The result is

Nl O e 0

Here, ¢ is given just before Eq. (12).

For a=1, Eq. (16) gives N=1+0.27R}, whereas
for the numerical solution, N=1+40.31R%. For large «,
however, Eq. (16) is not so accurate. The source of this
inaccuracy is not hard to find. For large «, the sequence
Ja(a) decreases more slowly than for a=0(1). Conse-
quently, the assumption that w,(#>1) makes no con-
tribution to the right hand sides of (2b), and (3b)
becomes rather poor. In the next section we show how
this defect may be remedied in a simple way.

4. An improved approximation

We now improve the method by systematically intro-
ducing the higher velocity modes into the dynamics.
To do this, observe first that the simplified system,
(9a) and (9b), become the exact equations for 8, and
6, provided T, in (9a) is changed to I',- 7,, where

bl (Bln—pl_ﬁwp—r) ]21;._1021;_1'
Th= . ,

Bn—-l_ﬁn J101

(17a)

and B, in (9b) is replaced by B.-p., where

]101 (0271—1_' 62n+ 1)

Pn
Y Top1(0)2n"2p4110 (20— 2p+1) — 020 1.251)02p-1
1

(17b)

Going through the same steps that led to (10a) and
(10b) now gives

Tn+lﬁn+1+ Tnﬁn—-l

— (—‘_‘p + Tn_l_ Tn+1)ﬁﬂ= 07 (183)
J1i(N—1)



NoveEMBER 1966 J.
and
0=0G 3 pab/ (N—1), (18b)
where o
G=i; Wnbn/w101. (18c¢)

The exact solution may now be obtained numerically
by iterating (18) in the same manner as described in
Section 3. For R— «, we may again introduce the
continuous approximation to the 8, and B, spectra.
If this is done, (17a) and (17b) simplify to

7o — 2 (Jap—1/T 1)2=21/ po, (19)
»
with
% =02,1/01.

In deriving (19), terms like (81,—p1—Brip-1) ar€ approxi-
mated by (2p-1)(B,—1—8.), with a similar approxima-
tion? for (17b). This approximation is valid to O(1/N),
provided N is large.

Now note that (19) gives values for p, and r, which
are independent of ». Hence, the solution using (19)
for p and 7 may be obtained from the simplified ap-
proach of Section 3 by a simple scale change of the
independent variable ¢, i.e.,

¢ — ¢'=2[26/T(N— 1) Jin.

With this modification the formulas of the last section
may be taken over in their entirety to give an im-
proved approximation. Aside from the above scale

10— T T T T T T -

09 .
o8| |
o7 —_ e
06 i
05 N
0% m
0.3

|
0.2 -
ol + —1

1 1 L ! 1 L ! I
o] | 2 3 4 5 6 7 8 9 10 a

F1c. 1. Comparison of analytic results and numerical calcula-
tions for the heat transport shape factor C(a) as a function of a.
[Egs. (20) and (21)],

2 From (17a) and (17b), it may be shown that (19) becomes
accurate for #=N# provided a=0(1).
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1.0 T T T  — T T T T T
09+ i
08 1

]
07 -
06 ° _‘
05 i
04+ B
X (a)

03} ]
02} |
0. t+ B
Y L ! 1 ! 1 IR FE
o] I 2 3 4 5 6 7 8 9 10 a

F16. 2. X (a) as a function of &, according to Eq. (21).

change, the only formula which is changed is (16),
which becomes.

el ()G

R(2)\?
SO.4617<1————> RiC (),
R

)2@,

T

(20)

where
Cla)=(*/G).

This equation (20) actually is asymptotically exact for
N — . Of course the x,’s must still be obtained from
(18b) to evaluate 7 and G. This may be done by
iteration. However, if « is not too large, the x,’s will
decrease rather slowly and to obtain = and G they may
be approximated by a constant value say, X. The
result is

= —35+ISES, (21)

where

1/S=3(2p—2)T 2y 1/ J.

Figs. 1 and 2 gives C(e) and X (a) for a range of a.

The formulas developed here for the Fourier spectra
8. and 6, may be used to obtain 6*(z) and B(z). The
calculation is given in the Appendix.

5. Discussion of results

The results of Sections 3 and 4 indicate that for free
boundaries the N~R? law applies to the model which
omits the self-interactions, provided R> 104, This result
enhances confidence in the physical significance of the
present model. The accuracy of the analytic method
presented in Section 4 is indicated in Fig. 1, which gives
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a comparison between Eq. (20) and the exact numerical
results at R=10% The circled points were computed
numerically by machine methods. The curve represents
the analytic results of Eq. (20) for C(a)=(N-—1)/
0.4617R%. The latter results were obtained by using
the formula of Section 4 in the iteration procedure dis-
cussed there. The accuracy of Eq. (20) is good, at least
for the moderate values of a for which machine results
exist. At large o, (20) implies that the heat transport
becomes independent of «, provided a>ap= (R/xHi.
For a>ay the convective heat transport is zero.

Both the machine calculations and the analytic
approximation indicate that the value of « which
maximizes N has a finite asymptotic value. The value
of « for which N is maximum i amx=21.55 for R=108,
while the analytic results give omex=21.60. The nu-
merical results of Herring (1963) at lower Rayleigh
number (R<10%) led us to believe that amax continued
to increase as R increased, but apparently this is not
the case for free boundaries.

As observed by Herring (1963) the stable solutions
of the non-fluctuating system (for free boundaries)
are characterized by a single o, a5, whose value is some-
what smaller than ama.x. The stability analysis carried
out at R=108 indicates that this is true for R — « also.
Thus, the stable solutions at R=10% contain only a
single a,=0.85. This value appears to be an accurate
asymptotic estimate of a,. The numerical results at
R=10° give N (o*)=142.74, and N (a™*)=149.93.

The physical picture of the free boundary convective
process predicted by the model is that of a large-scale
motion dominating the central region between the
conducting plates. This large-scale motion sweeps with
it the temperative fluctuation field whose main varia-
tions occur in a thin boundary layer of vertical extent
~1/N. The horizontal scale of both the dominant
motion and the temperature fluctuation field is com-
parable to the distance between the conducting plates.

For rigid boundaries the model system predicts
quite different results, especially at large R. Using the
interaction method of Section 4, we have extended the
rigid boundary calculation to R=10° for single «. In
this case, the value of a which maximizes N continues
to increase with increasing R in such a way that the
horizontal scale of motion is roughly the boundary
layer thickness (ma~N). Over a rather wide range of
Rayleigh numbers: 3X10*SRZ10%), the N result
number vs. Rayleigh number may be accurately repre-
sented by a 1/3—law. However, for R 108, N increases
significantly less rapidly than R3. Apparently, above
R~108, the asymptotic boundary layer results of
Stewartson (Roberts, 1965), which give N~R3/°
(In R)'/5 becomes applicable.® It should be stressed

3 A boundary layer analysis of the present problem has also
been given by Howard, L. N., 1965: Notes of summer study
program in geophysical fluid dynamics of the Woods Hole Oceano-
graphic Institution. Vol. I. Unpublished, p. 124 ¢f seq.
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that these results are for single @, and the stability
analysis of the rigid boundary problem indicated that
the stable solutions for R2>5X10° must have more
than one a. These multi-a solutions have not yet been
investigated.

Acknowledgments. The author thanks Messrs. B.
Eichenbaum, R. Rustin, and K. Shuey, Jr., for pro-
gramming various phases of the numerical calculation.

APPENDIX

In this section we compute the space functions
6*(z), w*(2) and B(z) from the results of Sections 3 and
4 for 6, and B,. Their evaluation is carried out in the
limit of large R, so that sums may be approximated by
integrals. For 3(z) we have.

B(z)= / B(n) cos2nwzdn,
0

{ ® D({)
-N 1_,,/ ~
o D(%0)

2r \mr (3/4+¢/2)
£ T'(1/4+¢/2)

sinnfd;}, (A1)

where

Nz=1.5017Nz.

The second equality in (A1) results from using (14).
Let the last term in the brackets of (A1) be called y.
Then, it follows that ¢ satisfies the inhomogeneous
equation

ay

——4(P+ Y= —4n,

dn*

whose asymptotic solution is

1 e 1/24-&
— +---, for 73>¢, and >>1.
n 773 .,75
Then, for 8(z), we find
e 1/24¢ o
B(z)=N{_‘“ +. }§0.4852——+' . (A2)
n? 7t N3z2

Expressions for w*(z) and 6*(z) may be similarly found,
ie.,

I3 /4))2er .

-223.1894N%, (A3)
r(1/4)

w0 (z)=4m*(N— 1)2<

and
0.3135

Nz

0(H=(N—1)/ W)+ = (A4)
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Egs. (A2) and (A4) are valid for z>1/N, while Eq.
(A3) is valid for 0< 2<%, provided, of course, N is large.
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