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ABSTRACT

Explanations of error growth in atmospheric flows are often based on the extension of barotropic and baroclinic
instabilities from steady parallel flows to weakly nonparallel and time-dependent flows. Consideration of simple
flows with finite-amplitude waves, however, suggests an additional scenario for error growth: an initial error
that changes the wave amplitude or the medium through which the wave propagates will alter the propagation
of the wave and result in a growing phase error. This scenario is illustrated and generalized to other coherent
structures through several examples for which analytic solutions are available. For a basic state of a barotropic
Rossby wave, growing phase errors account for the most rapidly growing disturbances over time intervals long
compared to the basic-state advective timescale; over shorter intervals, amplifications of phase errors are smaller
than, but comparable to, the optimal amplification. The role of this mechanism in forecast error growth is less
certain, but its importance is suggested by the fact that short-range forecast errors are typically errors in the
position or intensity of existing features.

1. Introduction

Knowledge of error growth, or more generally the
growth of small perturbations, in complex time-depen-
dent flows is crucial to questions of predictability and
the origin of forecast error, and it is relevant as well to
dynamical problems such as cyclogenesis. At scales re-
solved in current global forecast models, the fastest
growing errors often grow through mechanisms familiar
from studies of finite-time baroclinic or barotropic in-
stability of steady parallel flows (Farrell 1985, 1989;
Buizza and Palmer 1995). Such instabilities are typically
modulated by, but do not require, finite-amplitude waves
or other spatial variations within the basic-state flow
(e.g., Borges and Hartman 1992). These analogs of bar-
oclinic and barotropic instabilities, however, cannot ex-
plain all instances of rapid error growth within realistic
atmospheric flows (Buizza and Palmer 1995; Snyder and
Joly 1998).

The present paper explores an alternative mechanism
for error growth that relies on the presence of waves or
other finite-amplitude features in the flow. In its simplest
form, this mechanism results in a growing error in the
position of these preexisting features. Consider, for ex-
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ample, a flow that contains a finite-amplitude wave. The
phase speed of such a wave will depend on its amplitude
and on properties of the medium through which it prop-
agates. Perturbations that change the medium or the
wave amplitude will therefore alter the propagation of
the wave and an error in the position, or phase, of the
wave will grow. (The ideas presented here are most
relevant to error growth, but we will often for conve-
nience adopt the terminology of stability theory and
discuss basic states and perturbations.) If both the orig-
inal and perturbed waves move with constant (but dif-
ferent) phase speeds, the growth will be linear in time
for sufficiently small errors.

Although this simple scenario results in a growing
phase error for a finite-amplitude wave, the same con-
ceptual and mathematical framework is applied below
to examples of errors in the position of other coherent
structures, or in the amplitude of such structures, or in
the growth rate of growing or decaying features. Thus,
the term ‘‘phase error’’ will be used in a general sense,
referring to errors in the position, orientation, amplitude,
or growth of preexisting features in the flow. Most sta-
bility analyses applied to error growth, in contrast, pre-
dict the appearance of qualitatively new structure, such
as the development of baroclinic waves on a smooth
zonal jet.

The notion that forecast errors often consist of errors
in the position and intensity of existing features is hardly
controversial. [For supporting evidence, see, e.g., Figs.
2–4 of Hawes and Colucci (1986).] Nor is it novel to
suggest that small initial errors in the position or inten-
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sity of existing features, or errors in the advecting flow,
will give rise to larger errors in subsequent forecasts.
Theoretical investigations, however, typically have not
emphasized the relation between growing errors and
preexisting features in the flow, and instead have ap-
proached error growth as a generalization of barotropic–
baroclinic instabilities of steady parallel flows.

The growth of phase errors will be examined in sev-
eral simple examples for which analytic solutions are
available for both the basic state and specific classes of
initial perturbations. First, we will return to a finite-
amplitude wave as a basic state, examining the baro-
tropic Rossby wave in section 2. Results are shown to
be relevant to the most rapidly growing finite-time per-
turbations for the same basic state, as calculated by Yod-
en and Nomura (1993). Section 3 presents generaliza-
tions to baroclinic edge waves, to barotropic waves on
a circular patch of vorticity, and to growing or decaying
waves. A basic state consisting of a barotropic vortex
dipole is considered in section 4. In each of these ex-
amples, the perturbations increase algebraically in t and
clearly represent phase errors in the sense defined above.
Relevance to the growth of errors in more complex flows
is argued in the final section.

2. Perturbations to a barotropic Rossby wave

The evolution of nondivergent barotropic flow on a
b plane is governed by

zt 1 J(c, z 1 by) 5 0, (1)

where the streamfunction c is related to the velocity by
(u, y) 5 (2cy, cx) and z 5 ¹2c is the vorticity. We
seek finite-amplitude solutions to (1) of the form c 5
P(x 2 ct, y), that is, a steadily propagating solution with
zonal phase speed c . The overbar indicates that this
solution will be used subsequently as a basic state.

In the translating coordinates x̂ 5 x 2 ct, ŷ 5 y, t̂ 5
t, (1) requires

J(P 1 cŷ, ¹2P 1 bŷ) 5 0,

which is satisfied if ¹2P 5 2k2P and c 5 2b/k2. Thus,
a solution of the desired form is

c 5 c 0 cosk(x 2 ct) sinly, (2)

with c 0 an arbitrary amplitude and c 5 2b(k2 1 l2)21.
Sufficiently small perturbations c9 satisfy the line-

arized form of (1):

1 J(c , z9) 1 J(c9, z 1 by) 5 0,z9t (3)

where z9 5 ¹2c9. Suppose that the initial perturbation
consists of a zonal flow,

c9(x, y, 0) 5 2 y.u90 (4)

It is then straightforward to check that the subsequent
evolution is given by

c9(x, y, t) 5 u9(2y 2 tc )0 x

5 u9[2y 1 kc t sink(x 2 ct sinly]. (5)0 0

The time-dependent part of c9 thus increases linearly
with t, propagates at the same speed as c , and has struc-
ture identical to that of c but phase-shifted zonally by
a quarter wavelength. In addition, the amplitude of the
time-dependent part of c9 is proportional to c 0, the
amplitude of the basic-state wave.

The timescale t for the growth of c9 should scale as
the time required for the bracketed terms in (5) to be-
come comparable. If the basic-state wave fills the do-
main meridionally (y ; l21) and the zonal and merid-
ional scale are comparable (l ; k), then

t ; (k2c 0)21. (6)

Thus, the perturbation develops on the advective time-
scale from the basic state. For this example, t is also
the timescale for shear instabilities, whose growth rates
scale as the local basic-state shear. In the case of the
baroclinic edge wave that follows, however, the dis-
tinction between t and timescales for shear instabilities
will be clear.

The evolution of c9 is hardly surprising. A pertur-
bation to the zonal mean flow, even of finite amplitude,
simply changes the phase speed of the basic-state wave
from c to c 1 . The difference between these twou90
finite-amplitude solutions is periodic in time and can be
written as

1 1
2u9y 1 2c sin ku9t sin kx 2 k c 1 u9 t sinly.0 0 0 01 2 1 2[ ]2 2

The linearized solution (5) is then valid for short times
or small satisfying t K 1.u9 ku90 0

Although c is a finite-amplitude, fully nonlinear so-
lution of (1), it is worth noting that a basic state con-
sisting of a small-amplitude linear wave would also sup-
port perturbations of the form (5). Growth in that case,
however, would be correspondingly slow, since t scales
as c 0. Significant growth therefore requires a basic-state
wave of finite amplitude, even though nonlinearity of
the basic-state dynamics is not essential. Basic states
with nonlinear dynamics also support a larger variety
of perturbations that lead to growing phase errors; the
propagation of nonlinear waves, for example, may de-
pend on their amplitude, as in the example below of
waves on a barotropic vortex.

Comparison of the growing phase error (5) with other
barotropic instabilities, both exponential and finite time,
is instructive.

The energetic budget associated with (5) is similar to
other barotropic instabilities; the growth of the pertur-
bation kinetic energy is associated with conversion of
the basic-state kinetic energy. An important difference
from the usual case is that this conversion is accom-
plished without the perturbation having horizontal phase
tilts. Unfortunately, it is not clear how to use this dif-
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ference to distinguish perturbations that grow as phase
errors, particularly in less idealized examples.

Direct comparison can also be made with the results
of Yoden and Nomura (1993, YN hereafter), who cal-
culate the most rapidly growing perturbations to the
basic state (2) for various time intervals. They use a
truncated spectral model and measure the perturbation
amplitude in the L2, or streamfunction squared, norm.
Although (5) is not an exact solution in their model
(because of the truncation and because the perturbation
velocity is required to be zero at y 5 0, np/l), their
model does support an analogous solution of the form

c9 5 (h(y) 1 tc x),u90 (7)

which represents a phase shift of the basic-state wave
that grows linearly with time. Details are given in the
appendix.

Calculation of amplifications from (7) and compari-
son with YN shows that the growth of this perturbation
is not optimal for time intervals Dt comparable to or
shorter than t 5 (k2c 0)21. For example, using l 5 k
and c 0 5 2.5b/k3 as in YN, the square root of the L2

norm of (7) amplifies by a factor of 3 when Dt 5 3.5t ,
while the optimal amplification is slightly greater than
7 (see Fig. 9 in YN; Dt 5 3.5t corresponds to t 5 6
in their notation).

For longer time intervals, however, (7) agrees well
with YN’s results. They find1 that the optimal amplifi-
cation is bounded by 0.89Dt/t for Dt/t k 1; the am-
plification of (7) is asymptotically 0.83Dt/t . This agree-
ment indicates that the perturbation growth for times
long compared to (k2c 0)21 is dominated by a phase shift
of the basic-state wave.

3. Other basic states with finite-amplitude waves

We examine next three additional examples in which
the basic state contains finite-amplitude waves. In the
first, the basic state is a baroclinic quasigeostrophic edge
wave. Perturbing the surface temperature gradient on
which this wave propagates leads to a growth of phase
errors much as for the barotropic Rossby wave above.
The second example illustrates the growth of errors in
the phase of barotropic waves on a patch of vorticity.
In this case, we derive the behavior of certain pertur-
bations through a Taylor expansion of the dispersion
relation for the basic-state wave. The final example gen-
eralizes the Taylor-expansion technique to growing ba-
sic-state waves.

1 Their Fig. 10 shows that the quantity a(t) is linear in time; a(t),
given by their (11), is the rms amplification of random perturbations
that are initially Gaussian, independent, and of identical variance in
each of the model’s N degrees of freedom. The maximum amplifi-
cation is then bounded above by N 1/2a(t).

a. Baroclinic edge wave

Consider a Boussinesq quasigeostrophic zonal flow
on an f plane, with uniform vertical shear L, corre-
sponding meridional potential temperature gradient
2 fu0L/g, and buoyancy frequency N 2. Disturbances to
this flow that have uniform pseudo-potential vorticity
satisfy

cxx 1 cyy 1 ( f 2/N 2)czz 5 0

and evolve according to the conservation of potential
temperature at the surface,

czt 1 J(c, cz 2 Ly) 5 0 at z 5 0. (8)

Here, c is the geostrophic streamfunction and potential
temperature is given by ( fu0/g)cz. The flow is assumed
unbounded above, requiring c to be bounded as z →
`. Further details are given in Gill (1982, section 13.2).

Following the technique outlined in section 2, non-
linear wave solutions may be found of the form

c(x, y, z, t) 5 c cosk(x 2 ct) sinly exp(2Nkz/ f ),0

(9)

where c 5 fL/Nk and k 5 (k2 1 l2)1/2. If (8) is line-
arized about c , an initial perturbation to the background
vertical shear,

c9(x, y, z, 0) 5 2L9yz, (10)

then evolves as

c9 5 L9[2yz 1 ( fk/Nk)c t sink(x 2 ct)0

3 sinly exp(2Nkz/ f )]. (11)

As in the barotropic solution (5), the perturbation has
amplitude increasing as c 0t, has the same phase speed
as c , and shares the spatial structure of c except for a
phase shift of one-quarter wavelength. The perturbation
dynamics in this case, however, are more substantive
than simply altering the frame of reference. The initial
perturbation modifies the zonal shear and thus the sur-
face temperature gradient on which the basic-state wave
propagates.

Also as in the barotropic solution, the time t required
for the bracketed terms in (11) to become comparable
is given by (6): t ; (k2c 0)21, again assuming that ly
; 1 and l ; k and now scaling height by the Rossby
depth (Nkz/f ; 1). Thus, t is again the basic-state ad-
vective time and is independent of f, N, and, in partic-
ular, the background baroclinic shear L. Finite-time in-
stabilities of the baroclinic shear (10) without a super-
posed wave would, in contrast, have amplifications that
scale as fL/N.

Finally, it is worth noting that the energetic budget
for c9 is indistinguishable from a mixed barotropic–
baroclinic instability. Both baroclinic and barotropic
conversions contribute to the growth of total perturba-
tion energy and, in fact, are equal, although the pertur-
bation has no phase tilts in the traditional sense, as was
the case for (5).
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FIG. 1. Streamfunction c for the flow relative to the elliptical vortex
with a 5 4/3 and b 5 3/4 (thin lines; negative values dashed), and
the portion of c9 in (17) proportional to t (bold lines; zero contour
surpressed). Contour intervals are 0.038 for c and 1/4 the maximum
of c9. Note that c 5 0 is chosen on the boundary x2/a2 1 y2/b2 5
1 of the vortex.

b. Waves on a barotropic circular vortex

A localized barotropic vortex supports Rossby waves
that propagate on the vorticity gradients along the vortex
edge. The simplest example, which will be considered
here, is a circular vortex of constant interior vorticity z
and zero external vorticity. The linear waves supported
by this vortex are discussed by Lamb (1945, art. 158).

Analytic solutions for finite-amplitude waves are
available for azimuthal wavenumber 2 (see Lamb 1945,
art. 159). These solutions have the form of an elliptical
vortex with axes of length a and b and rotating at con-
stant frequency n , given by

ab
n 5 z . (12)

2(a 1 b)

In elliptic cylindrical coordinates (j, h), the stream-
function external to the vortex is

1
22jc 5 abz(2j 1 e cos2h), (13a)

4

where

d coshj cosh 5 x, d sinhj sinh 5 y, (14)

and d 5 (a2 2 b2)21/2. The elliptical boundary of the
vortex is given by coshj 5 a/d. In the far field where
(j, h) ; (logr, u), this basic state consists of flow as-
sociated with a circular vortex (the term proportional to
j) and flow associated with a wave of wavenumber 2
on that vortex [the term proportional to exp(22j)
cos2h]. The streamfunction within the vortex is more
conveniently expressed in Cartesian coordinates; thus,
for x̂2/a2 1 ŷ2/b2 # 1,

z
2 2c 5 (bx 1 ay ). (13b)

2(a 1 b)

Since the vortex rotates without change of shape, the
time dependence of c is obtained by replacing (x, y) in
(13b) and (14) with the rotating coordinates

x̂ 5 x cosnt 1 y sinnt,

ŷ 5 2x sinnt 1 y cosnt. (15)

Now consider an initial perturbation that changes the
vorticity within the ellipse from z to z 1 z9, but leaves
the shape of the ellipse unchanged. The evolution of
this perturbation could be calculated, as for (5), explic-
itly from the linearized vorticity equation (3). In this
case, however, it is more convenient to note that (12)
and (13) are valid for any z and to Taylor expand c as
a function of z .

If quadratic terms in z9 are neglected, the perturbation
is then

]c
c9 5 c(z 1 z9) 2 c(z) 5 z9 . (16)

]z

Taking a z derivative of (13) and using (12), (14), and
(15) to determine the dependence of (j, h) on z gives

1 nt sin2h
22jc9 5 abz9 2j 1 e cos2h 1

2 2[4 cos h 2 cosh j

22j3 1 2 e (cos2h 1 sinh2j) , (17a)1 2]
for coshj $ a/d, where (j, h) are understood to be
functions of (x̂, ŷ); and

z9 2zab(b 2 a)
2 2c9 5 ax̂ 1 bŷ 1 t x̂ ŷ , (17b)

2[ ]2(a 1 b) (a 1 b)

for x̂2/a2 1 ŷ2/b2 # 1. Figure 1 displays streamlines
relative to the basic-state vortex and contours of that
part of c9 in (17) proportional to t.

The perturbation is the sum of time-independent
terms (in coordinates rotating with the basic-state vor-
tex) and terms that increase linearly with t. The time-
independent terms correspond to the flow associated
with the initial vorticity perturbation and have the same
form as the basic state (13). Much as in the previous
examples, the portion of c9 that grows linearly in t varies
as sin2h and thus is phase shifted ‘‘downstream’’ (i.e.,
in the same sense as the flow associated with the per-
turbation vorticity) by roughly a quarter-wavelength rel-
ative to the basic-state wave, which varies as cos2h.
Unlike the previous examples, the perturbation also con-
tains higher harmonics that increase linearly in t.

The growth of the perturbation as a phase error once
again arises because of changes to the medium for the
finite-amplitude waves. In this case, perturbing the vor-
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FIG. 2. Streamfunction c for the flow relative to the dipole vortex
given by (18) with R 5 U 5 1. Contour interval is 0.3 and negative
contours are dashed.

ticity in the ellipse changes the vorticity jump at the
vortex edge and thus the phase speed of the waves. A
similar calculation yields the behavior of a perturbation
that alters the amplitude of the basic-state wave; such
perturbations correspond to varying, say, a while leav-
ing ab and z fixed. The perturbation solution then con-
sists of time-independent terms corresponding to flow
associated with a small change in a and terms propor-
tional to t that have the same spatial structure as those
in (17). In this case, the growing phase error arises from
the dependence, through (12), of the rotation rate of the
vortex on a.

c. A heuristic treatment of growing basic-state waves

Let the basic state consist of a finite-amplitude wave
of the form

ik(x2ct)c ; c Re[e ] 5 c exp(kc t) cosk(x 2 c t),0 0 i r

superposed on a time-independent medium. Suppose
now that the medium is perturbed in such a way that
the wave’s phase speed becomes c 5 c 1 c9, where
|c9/c | K 1.

Considering c as a function of c , the reasoning lead-
ing to (16) then implies

]c
c9 5 c Re c90 1 2]c

; c kt exp(kc t)[c9 cosk(x 2 c t)0 i i r

1 c9 sink(x 2 c t)].r r

Small perturbations therefore again grow as t multiplied
by time dependence inherited from the basic-state wave,
which here includes both propagation and growth. The
phase of c9 relative to the basic-state wave depends on
the magnitudes of the modifications to growth and prop-
agation of the basic state; if modifications to the growth
rate dominate modifications to the propagation ( / kc9 c9i r

1), c9 is nearly in phase with c and serves to correct
the amplitude of c , while if modifications to the prop-
agation dominate, c9 is a quarter-wave-length out of
phase with c as in the previous examples. Note also
that a finite-amplitude basic-state wave is required for
growth, since the perturbation growth scales as the ini-
tial amplitude c 0 of the parent wave.

4. Perturbations to a vortex dipole

In addition to finite-amplitude waves, atmospheric
flows often contain localized vortical structures. A bar-
otropic vortex dipole on an f plane is a simple example
of such a structure and will be considered below. Similar
solutions generalized to baroclinic flows and the b plane
(e.g., Flierl et al. 1980) are sometimes termed ‘‘mo-
dons.’’

Consider a distribution of relative vorticity confined
to the disk r , R, with positive relative vorticity on one

side of a diameter of the disk and negative relative vor-
ticity on the other. Because of the antisymmetry of the
vorticity distribution, this eddy will tend to propagate;
we seek a solution that propagates steadily at speed U.

In this example, we will work exclusively in coor-
dinates moving with the vortex dipole, whose motion
may be taken to be along the x axis. The solution is
again given by Lamb (1945, art. 165); the streamfunc-
tion is

CJ (kr) sinu, r , R;1c 5 (18)2 R
U r 2 sinu, r . R. 1 2r

The amplitude C of the interior streamfunction is related
to U by 2U 5 kCJ0(kR), the constant k satisfies J1(kR)
5 0, and J0 and J1 are Bessel functions of the first kind
of orders 0 and 1. Figure 2 shows c . Note that c ; Uy
as r → `, consistent with the propagation of the dipole
along the x axis at speed U.

Now suppose that a perturbation is added to the di-
pole, with uniform vorticity in the disk r , R andz90
zero vorticity elsewhere. Advection of the dipole by the
perturbation flow will produce a rotation of the dipole
that increases linearly with t. As the dipole rotates, it
will propagate with a component of velocity normal to
its original trajectory. The displacement of the dipole
from its unperturbed position should increase as t2, since
the rotation is linear in t.

This suggests a perturbation solution of the form
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FIG. 3. Propagation of a dipole vortex perturbed by a disturbance
with uniform vorticity. The unperturbed dipole, whose vorticity field
is shown in the center of the figure, moves from left to right at speed
U along the straight horizontal path. Adding uniform vorticity overz90
the disk of the dipole (and zero vorticity elsewhere) results in the
dipole moving at the same speed along the circle of radius r 5 2|U/

| tangent to the original path and with fixed orientation relative toz90
the center of the circle. When t K 1, the perturbed dipole is dis-z90
placed a distance of Ut2/4 perpendicular to the original path.z90

1
2 2z9[r 1 at(c 1 Ur cosu) 1 bt c ], r , R;0 u y4

c9 5 1
2 21z9[R log(r/R) 1 atUr cosu04

2 221 bt U(r/R) cos2u], r , R.
(19)

For r , R, the terms in tc u and t2c y represent the ro-
tation and y displacement, respectively, of the dipole;
the other terms in (19) are required for continuity of c9
and its derivatives at r 5 R. Substitution of (18) and
(19) into (3) shows that a 5 2 and b 5 U. This solution
demonstrates that errors in the position of a feature may
have complicated time dependence (other than propor-
tional to t) even with linearized dynamics.

As in the previous examples, (19) is a small-amplitude
or short-time approximation to the difference between two
known nonlinear solutions. Adding constant vorticity to
the dipole results in an ‘‘eddy’’ that moves at the same
speed as the original dipole but along a circle of radius
2|U/ |. [This trajectory results from the fact that the quan-z90
tities X 5 ∫ xz dx dy / ∫ z dx dy 5 0 and Y 5 ∫ yz dx dy /
∫ z dx dy 5 2U/ are constants of the motion (Lamb 1945;z90
art. 154).] Comparing the two solutions for short times,
differences are a rotation of the dipole that increases as t
and a displacement of the center of the eddy increasing
as t2, as shown schematically in Fig. 3.

5. Summary and discussion

In thinking about the growth of small perturbations
in complex atmospheric flows, one is tempted to begin
with barotropic and baroclinic instabilities of steady par-
allel flows and then to generalize those instabilities to
nonparallel and time-dependent flows. Conceptually,
such a generalization rests on an implicit assumption,
as in WKB methods, that variations of the basic state

are sufficiently slow that insights from parallel or steady
flows are locally useful. An alternative scenario, out-
lined here, is for perturbations to grow as errors in the
position or amplitude of finite-amplitude features that
are present already in the flow. Thus, while the canonical
problem in baroclinic instability is the growth of waves
on a zonal jet, an analogous problem for the growth of
phase errors might start with a wavy jet as a basic state
and perturb the wave amplitude or the zonal average.

The foregoing examples demonstrate the variety of
basic states supporting perturbations that grow as phase
errors. The linearized perturbation growth is algebraic
in t, except for the case of a growing basic-state wave
(section 3c), and is unbounded, rather than transient, in
all the examples. When the basic state is a finite-am-
plitude barotropic Rossby wave, phase errors have am-
plifications smaller than but comparable to the optimal
amplification [as calculated by Yoden and Nomura
(1993)] for time intervals shorter the basic-state advec-
tive timescale. For longer time intervals, phase errors
account for the most rapidly amplifying perturbations.
All the examples have the property that the timescale
for growth is the advective timescale for the basic-state
wave or coherent structure.

In each example, the perturbation solution is the
short-time and small-perturbation limit of the difference
between two known nonlinear solutions. Both the
growth and eventual ‘‘nonlinear saturation’’ of the per-
turbations are most easily understood through these non-
linear solutions, rather than through the linearized, per-
turbation equations.

Although no evidence is presented here, it seems like-
ly that these results generalize to more complex flows.
That is, initial perturbations to the location, amplitude,
or structure of preexisting features, or to the medium
in which they are embedded, will also grow in more
complex flows.

In applying these results to forecast errors, one ques-
tion that arises is whether the linearized solutions are
valid, for initial errors of the magnitude expected in
operational analyses, on the basic-state advective time-
scale over which the phase errors grow. Atmospheric
motions of synoptic or larger scales are characterized
by advective timescales of one to a few days. The fore-
cast range over which error evolution can be approxi-
mated by linearized dynamics varies but generally ex-
tends to 48 h (Errico et al. 1993). The timescale for the
growth of phase errors is thus comparable to the time-
scale over which linearized evolution of errors is valid.
Note, in addition, that the growth of phase errors in the
examples is not limited to the linear regime.

A remaining question is the importance of this sce-
nario relative to other mechanisms for error growth. The
most rapidly growing errors in present global forecasts
typically resemble finite-time barotropic–baroclinic in-
stabilities, rather than phase errors, in their initial struc-
ture (Buizza and Palmer 1995). The same numerical
forecasts, however, also routinely support rapidly grow-
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ing perturbations that are not obvious analogs of finite-
time baroclinic instabilities (see Figs. 16, 17 of Buizza
and Palmer). Moreover, for certain basic states and
norms, phase errors are clearly the fastest growing er-
rors. For example, phase errors maximize the growth of
perturbation energy or enstrophy within idealized finite-
amplitude baroclinic waves (Snyder and Joly 1998).

In addition, forecast errors are often errors in the
phase or amplitude of existing features (e.g., Hawes and
Colucci 1986). This fact suggests that the growth of
phase errors, while perhaps not dominant, does exert
some influence on forecast errors, with the result that
errors are tied to existing features in the forecast. Indeed,
even when the most rapidly growing perturbations ap-
pear to be finite-time baroclinic instabilities, their
evolved structure often represents an error in the po-
sition or amplitude of a preexisting feature. Ehrendorfer
and Errico (1995) show one example.

Thus, available evidence suggests a role for phase er-
rors in the growth of forecast error or, more generally,
in perturbation growth in complex flows. Given the above
considerations, the mechanism presented here may not
be the dominant source of error growth except in spe-
cialized cases. At the same time, its contributions cannot
easily be discounted (say, on the basis of energetics).

The role of phase errors averaged over many forecasts
also undoubtedly depends on the statistics of the initial
or analysis errors. If, for example, the highly tilted initial
structure of finite-time barotropic–baroclinic instabili-
ties is unlikely to occur in the initial errors, one expects
such instabilities to contribute proportionally less to er-
ror growth. [A related issue is the preferred choice of
norm for the calculation of optimal perturbations or sin-
gular vectors; see Houtekamer (1995) and Palmer et al.
(1998).] Calculations that account for the statistics of
analysis errors reveal dominant errors that have a larger
scale, smoother horizontal and vertical structure, and
reduced growth rates (Barkmeijer et al. 1998). Answers
from these calculations, however, are not yet definitive,
as the estimates of analysis error covariances used are
crude.
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APPENDIX

Explicit Form of (7)

Let us nondimensionalize lengths by k21, time by
kb21, and streamfunction by k23b, and set l 5 k as in
Yoden and Nomura (1993). Yoden and Nomura expand
c9 for 0 # x # 2p and 0 # y # p in terms of the basis
functions cosmy, sinmy sinnx, and sinmy cosnx. They
truncate the expansion beyond m 5 n 5 8.

In analogy to (5), we seek a solution to the truncation
of (3) of the form

c9 5 A[h(y) 1 tc x], (A1)

where A is an arbitrary nondimensional constant and
8

h(y) 5 a cosmy.O m
m51

If (A1) were a solution without truncation, (3) would
imply

22c x 5 c x(¹2 1 2)hy,

or equivalently,
8

22 siny 5 siny(¹ 1 2) ma sinmy. (A2)O m
m51

In a truncated model, (A2) requires coefficients of the
spectral expansions of each side of the equation to agree
up to, but not beyond, the truncation. Multiplying (A2)
by sinny (n 5 1, . . . , 8) and integrating over the domain
then yields eight equations in the unknowns {am; m 5
1, . . . , 8}. The solution is am 5 0 for m even, and

a 5 0.843, a 5 0.024, a 5 0.003,1 3 5

a 5 0.006.7
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