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ABSTRACT

Simple rate equation models for subfilter-scale scalar and momentum fluxes have previously been devel-
oped for application in the so-called ‘‘terra incognita’’ of atmospheric simulations, where themodel resolution
is comparable to the scale of turbulence. The models performed well over land, but only the scalar flux model
appeared to perform adequately over the ocean. Analysis of data from the Ocean Horizontal Array Tur-
bulence Study (OHATS) reveals a need to account for the moving ocean–air interface in the subfilter stress
model. The authors develop simple parameterizations for the effect of surface-induced pressure fluctuations
on the subfilter stress, leading to good predictions of subfilter momentum flux both over land and in OHATS.

1. Introduction

Modeling of the turbulent atmospheric boundary
layer (ABL) has improved continuously in the four de-
cades since the first computer simulations of atmo-
spheric flows, with enormous increases in computing
power along the way. But computational limitations still
require that atmospheric simulations use filtered equa-
tions, retaining scales larger than the filter scale Df. So-
called subfilter-scale (SFS) or ‘‘unresolvable’’ quantities,
which involve scales smaller than Df, often carry signif-
icant fluxes of momentum, heat, kinetic energy, and
scalar constituents (such as water vapor), particularly
near surfaces and interfaces; such fluxes must be mod-

eled (e.g., Bryan et al. 2003; Sullivan et al. 2003). Sub-
filter models use resolvable fields to parameterize the
relevant dynamics and processes occurring at unre-
solved scales and thus have an implicit—and often
unacknowledged—dependence upon the filter scale
(Wyngaard 2004). Both mesoscale simulation, which
calculates fields at scales much larger than the energy-
containing turbulence scale ‘, and large-eddy simulation
(LES), which resolves scales on the order of ‘ and
smaller, have become common tools in the study of the
atmosphere, evolving to the point that each has its own
set of commonly used SFS models. Mesoscale and large-
eddy simulations of the atmosphere each employ SFS
models of physics at scales smaller than the filter scale
Df, but in general SFS models used for mesoscale sim-
ulations are not appropriate for use in LES, and vice
versa. The established SFS models employed in the
mesoscale regime (l ! Df) and LES regime (l " Df) are
mostly inappropriate for the intermediate regime in
which ‘ and Df have the same order of magnitude, as
discussed byWyngaard (2004). In this ‘‘terra incognita,’’
where large-domain LES and fine-resolution mesoscale
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simulations begin to overlap, he suggested that SFS
stress and flux rate equation models be used.
Hatlee and Wyngaard (2007) demonstrated that the

rate equation model of Wyngaard (2004) predicted the
subfilter heat fluxes measured over land during the Hor-
izontal Array Turbulence Study (HATS; Sullivan et al.
2003). They also developed an improved model for SFS
stresses. We find that data from the Ocean Horizontal
Array Turbulence Study (OHATS) indicate that the
effects of pressure fluctuations induced by the moving
surface waves must be included in the modeled SFS
stress budget; this is consistent with themeasurements of
Sjöblom and Smedman (2003) and the simulations of
Sullivan andMcWilliams (2002), with the latter indicating
that wave-induced pressures can exceed turbulent pres-
sure fluctuations (;ru2*) by an order ofmagnitude during
typical conditions over the ocean. We develop simple
parameterizations for such effects, working toward a
generalization of theHatlee andWyngaard (2007)model.

2. Subfilter flux measurements and model

Using the data from bothHATS andOHATS, we first
examine the performance of the Hatlee and Wyngaard
(2007) subfilter flux model over land and sea. Compar-
ison of results in these two regimes leads us to extend the
model for use over the ocean.

a. Over-sea measurements from OHATS

The Ocean Horizontal Array Turbulence Study em-
ployed two parallel horizontal rows of nine sonic ane-
mometers mounted on the Air–Sea Interaction Tower
of theMartha’s Vineyard Coastal Observatory (Sullivan
et al. 2006), that is, essentially the HATS setup over the
ocean. As in HATS (Sullivan et al. 2003) the arrays are
separated in the vertical and situated roughly perpen-
dicular to the prevailing wind, permitting filtering in both
horizontal directions (Tong et al. 1998)1 and differen-
tiation of filtered quantities in three dimensions; this
facilitates the measurement of resolved fields used by
atmospheric simulations and of subfilter fluxes, which
must be parameterized in such simulations. The OHATS
arrays were located 5 and 5.58 m from the mean ocean
surface level, with both arrays having uniform lateral
spacing with Dy 5 0.58 m and a filter scale Df 5 4Dy (this
Df corresponds to the use of five contiguous anemometers
for lateral filtering and allows double-filtering over an
array). In OHATS the time-varying wave height was also
measured by three downward-facing laser altimeters

situated above amean ocean depth of 15.6m (for details,
see Sullivan et al. 2006; Edson et al. 2007). The sonic
anemometers measure the three velocity components ui
and provide the potential temperature u;2 however, the
anemometers’ high-humidity correction algorithms de-
graded the measurements of mean temperature, so the
mean temperatures for each 30-min data period were
corrected.3

b. Wave-correlated fields

To examine the influence of surface waves, we use the
Hristov et al. (1998) algorithm with recorded time series
of wave heights to calculate the wave-correlated com-
ponents (ui

w, uw) of the measured fields (ui, u). This
method permits isolation of a finite-bandwidth ‘‘wavy’’
component from a time series given an arbitrary wave
signal, such that the wavy and turbulent components are
completely uncorrelated (e.g., ui 5 ui

w 1 ui
t where ui

t is
the turbulent part).
In OHATS, the wave-correlated components of the

horizontal velocity and temperature fields (ui
w, u2

w, uw) are
much smaller than the total fluctuations of these fields.
However, the influence of waves is evident in the vertical
velocity field u3, as seen in the spectra of wavy and full u3
presented in Fig. 1; we found rms amplitudes4 of wave-
correlated vertical velocities as large as one third of
the corresponding turbulent amplitudes. But the wave-
correlated vertical velocities are not large enough to
significantly affect the measurable second-order quan-
tities (uiuj, uiu) that comprise the SFS fluxes, and the
measured subfilter fluxes themselves contain only small
wave-correlated fluctuations (in fact, the results pre-
sented here were not greatly affected by removal of the
wave-correlated portion of ui and u). Such a situation is
understandable given that much of the OHATS data
is dominated by swell conditions, with spectral content
below 0.2 Hz, as shown in Fig. 1c. Rieder and Smith
(1998) pointed out that stress in the;0.06–0.16-Hz band
is controlled by swell, which for the observed wave
spectra peaks fpeak in this band and wave (phase) speeds
of cp ; 4–12 m s21 corresponds roughly to scales

1 Tong et al. (1998, 1999) showed that filtering in the twohorizontal
directions is an acceptable approximation for three-dimensional fil-
tering in the lower atmospheric boundary layer.

2 The sonic anemometers measure temperature via the temper-
ature dependence of the speed of sound, yielding a ‘‘sonic tem-
perature’’ Tc ’ T(11 0.51qy) that depends on specific humidity qy,
similar to virtual temperature.

3 For each 10-min measurement period, du/dz was recalculated
via the measured heat and moment flux at each height, using the
Dyer and Hicks (1970) empirical similarity expression for dimen-
sionless temperature gradient.

4 Root-mean-square and other ensemble mean quantities are
approximated by time averages for each 30-min data period, unless
otherwise noted.
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of ;cp/fpeak (;25–150 m)—much larger than the filter
scale of Df ; 2.3 m. Consequently, we postulate that the
ocean affects the measured SFS fluxes predominantly
through wave-induced pressure and perhaps its aggre-
gate effect on mean gradients, but because the OHATS
data do not include measurements of fluctuating pres-
sure we must infer the extent of its influence.

1) SUBFILTER TEMPERATURE FLUX

The subfilter flux fi of a conserved scalar such as po-
tential temperature u is defined by

f i 5uiu# uiu, (1)

with overbars denoting spatial averages over extent Df.
The conservation equation for fi is (Wyngaard 2004)

FIG. 1. (top) Sample 60-s record of surface wave height; horizontal extent of waves approx-
imated as the product of time t and wave speed cp (calculated from peak frequency of wave
spectrum). (middle) The corresponding one-dimensional power spectra of surface height h
(dark solid, vertical velocityw (light thick), turbulent partwt (dashed), and wave-correlated part
ww (dot-dashed) from OHATS, 8:30–9:00 a.m. 17 Oct 2004. (bottom) One-dimensional wave
spectra for the last 60 h (16–18 October) of OHATS.
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The terms on the left are local time change and advection
by the resolved field; those on the right are turbulent
transport, pressure transport, tilting production, gradient
production, pressure destruction, and buoyant produc-
tion; Rij [ uiuj # uiuj is the kinematic Reynolds stress.
Wyngaard (2004) retained the tilting production,

gradient production, and pressure-destruction terms in
Eq. (2) to produce the rate equation model

›f i
›t

5#f j
›ui
›xj

# Rij

›u

›xj
#

f i
T

. (3)

The last term (2fi/T) is a parameterization of the pressure-
destruction term, and is an adaptation of the Rotta (1951)
model used in second-order closure. We take the time
scale T as T [ CuDf /e

1/2, where e [ ½(ukuk # ukuk) is
the SFS turbulent kinetic energy and Cu is a constant
equal to 0.30 (Hatlee and Wyngaard 2007).
The quasi-steady model implied by Eq. (3) is

f i 5#Tf j
›ui
›xj

# TRij

›u

›xj
, (4)

while the ‘‘standard’’ model used frequently in meso-
scale and large-eddy simulations is

f i 5#K
›u

›xi
, (5)

with K ’ e1/2Df being a subgrid eddy diffusivity. The
model (4) differs from (5) in two important ways: Eq. (4)
in effect relates fi to ›u/›xj with a tensor eddy diffusivity
(;TR0ij 1 . . .) whereas the standard model (5) has
a scalar diffusivity K; also, the model (4) has an addi-

tional term representing the effects of tilting production.
Wyngaard (2004) found, and Hatlee and Wyngaard
(2007) confirmed, that this additional term is important
for representing the horizontal flux, which is produced
by tilting and by the tensor diffusivity.
The predictions of the model (3) generally match the

HATS overland observations in unstable conditions
(Hatlee and Wyngaard 2007), as shown in Fig. 2. They
found that adding stochastic advection to (3) increased
SFS flux fluctuations and that inclusion of turbulent trans-
port and buoyancy terms did not appreciably affect (3).
For OHATS the model (3) gives less scatter than over

land, but with some systematic bias in predictions; this is
shown in Fig. 3. The slight underprediction of horizontal
fluxmagnitude could be due in part to the reducedmean
shear caused by the influence of ocean waves (Smedman
et al. 1999; Sullivan et al. 2008)—particularly during
swell-dominated conditions (Sjöblom and Smedman
2003), which were common during OHATS. This would
act to decrease the ‘‘tilting’’ term (#f 3›u1/›z). The slight
overprediction of f3 could be related to the correction to
hui or the moving surface; in light of this correction, the
surface’s unmodeled impact on fi is small enough that we
do not attempt to parameterize surface-induced pres-
sure effects in (3).
The higher mean wind speedsU in OHATS relative to

HATS caused larger effective streamwise differencing
intervals Dx ’ UDt and, hence, reduced the accuracy
of x derivatives calculated by finite-differencing. For the
anemometer sampling interval Dt 5 0.05 s and filter
width Df in OHATS, when U * 10 m s21 the number of
streamwise filter points is limited to nx 5 Df /(UDt) # 5;

FIG. 2. Wyngaard (2004) model (3) vs observations of subfilter heat
flux fi for HATS.

FIG. 3. Wyngaard (2004) model (3) vs observations of subfilter heat
flux fi from OHATS.
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this minor effect was reduced with modestly axisym-
metric filtering5 for the data in Fig. 3.

2) SUBFILTER MOMENTUM FLUX: DEVIATORIC

STRESS

The deviatoric subfilter kinematic stress is the zero-
trace (tii 5 0) tensor

tij [# uiuj # uiuj #
1

3
dij(ukuk # ukuk)

# $

5#(Rij #
2

3
dije).

Its conservation equation is (Lilly 1967; Hatlee and
Wyngaard 2007)

where the resolved strain rate is Sij [½(›ui/›xj 1 ›uj/›xi).
The terms on the left are local time change and advec-
tion by the resolved field; on the right are turbulent
transport, isotropic production, deviatoric production,
pressure destruction, and pressure transport. TheHatlee
and Wyngaard (2007) ‘‘simple’’ model for tij is
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This model is analogous to the model (3) for SFS scalar
flux in retaining only the key terms in the conservation
equation. Here these are isotropic production and de-
viatoric production, which are represented explicitly,
and pressure destruction, which is modeled with the
Rotta-type term2tij/Tt. The time scaleTt is again of the
form CtDf e

21/2.
The Lilly (1967) ‘‘first-order theory’’ for tij is

tij 5KSij, (8)

which today is generally called the Smagorinsky model;
it ignores the deviatoric production terms in the tij con-
servation equation.
Hatlee and Wyngaard (2007) showed with the HATS

data that the model (7) is a vast improvement over the
Smagorinsky model (8), most closely matching the ob-
servations when the constant Ct is chosen to be 0.18;
however, for this value of Ct the model (7) overpredicts
the rate of energy transfer from resolved to subfilter
scales. To remedy this, Hatlee and Wyngaard (2007)

extended the model (7) to include a parameterization
for the mean-shear contributionPS

ij to the SFS pressure-
strain tensor Pij [#2r#1(pSij # pS):
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11 5#P33 5C11e

1/2Df
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i2 5 0, (9)

which when added to the simple model (7) gives their
‘‘full’’ model,
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They found that (10) gives good predictions of both tij
and downscale TKE transfer in HATS, using the con-
stants C13 5 C11 5 0.4 and Ct 5 0.08.
ForOHATS,however, theHatlee andWyngaard (2007)

model (10) performed poorly, as indicated by Fig. 4. The
figure shows systematic underprediction of the magni-
tudes of the deviatoric normal stresses taa by a factor of
3 and overprediction of the shear stress t13 by 10%–
50%.6 Physically, the latter effect is due to the wind
‘‘following’’ the waves: in OHATS the waves on average
are moving faster than the air above, inducing pressure
fluctuations that help drive the wind. This in effect
transfers momentum from sea to air—opposing the
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5 This can be alleviated through axisymmetric filtering, where
the streamwise filter widthDx is larger than the lateral widthDy, and
the effective filter width Df is taken to be (DxDy)

1/2. For Fig. 3 we
used Dx 5 2Dy.

6 The streamwise resolution limitation caused by large wind
speeds was mitigated through axisymmetric filtering; due to the
extra streamwise derivative in PS

11 relative to the other PS
ij, mod-

eled PS
11 was divided by the factor Dx/Dy, giving consistent results

over varying filter aspect ratios Dx/Dy. For stress we show results
calculated with a symmetric filter, Dx 5 Dy 5 Df.
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usual turbulent momentum flux associated with the
surface—and reduces the mean shear ›U/›z (Sullivan
et al. 2008); such a phenomenon has been found both in
simulations (Sullivan and McWilliams 2002) and ob-
servations (e.g., Grachev and Fairall 2001). The under-
predictions of taa—i.e., of the deviations of the normal
SFS stresses from isotropy—are presumably due to re-
distribution of SFS energy by surface-induced pressure
fluctuations. The failure of (10) in OHATS suggests a
need to account for the moving wavy surface, particu-
larly over swell-dominated seas.

c. Modeling of surface-induced pressure
contribution to tij

The previous section included a parameterization (9)
for the subfilter covariance of strain rate Sij and mean-

shear component of pressure pS, following from solution
of the mean-shear component of the Poisson equation.
But solution of the Poisson equation in a half-space also
includes a surface integral

pbnd(x)5
ð ð

S9

›

›n
[p(x, x9)G(x, x9)] dS9, (11)

with n normal to the surface. For filter scales in the terra
incognita of atmospheric simulations (Df ; 50–500 m),
pbnd is negligible over land butmust bemodeled over the
ocean. A relatively simple parameterization for the
ocean-induced contribution to Pij follows from an esti-
mate for the pressure induced by the moving air–sea
interface. Theoretically, aGreen’s functionG(x, x9) could
be chosen such that the integrand of (11) reduces to
G(x, x9)›p(x, x9)/›n, requiring the specification of an
(average) effective kinematic force ›p/›nwith which the
waves ‘‘push’’ the air; but this is difficult in practice—
particularly over a time-varying wave field with signifi-
cant spectral width—so we resort to a crude energy ar-
gument to estimate pbnd. Assuming that the rate of work
done by the ocean is on average proportional to pbnd(z),
and that this power input is some fraction of the dissi-
pation rate «, we take pbnd } « } e3/2. Then following the
Plant (1982) and Smith et al. (1992) findings that oversea
drag coefficients or ocean-induced pressure drag (‘‘form
drag’’) are proportional to the wave age cp /U, we pro-
pose the form7

P sfc
ij 5C sfc

ij

e

gl

! "1/2 cp
U

! "
e Sij (12)

for the surface-induced SFS pressure strain, where we
use P22

sfc 5 2P11
sfc 2 P33

sfc and set C12
sfc 5 C23

sfc 5 0, with l
being the dominant (peak) wavelength.
Although Janssen (1999) found the covariance of

pressure and vertical velocity to be significantly influ-
enced by the wind-wave angle, and Vickers and Mahrt
(1997) suggested that wave spectralwidth dominates the
drag coefficient rather than the wave age (spectral
peak), the parameterization (12) is consistent with the
normal deviatoric stresses observed during OHATS.
For example, Fig. 5 shows t11 to be linearly dependent
on wave age cp/U for cp/U * 1.5, presumably swell-
dominated conditions. For smaller wave ages8 and waves

FIG. 4. Subfilter deviatoric stress model (10) including rapid
pressure model (14) vs observed tij for OHATS: (top) Normal
stresses, taa; (bottom) shear stress t13.

7 The wave age is typically defined using U10 (the mean wind
10 m above the water), often incorporating the wind-wave angle a
by using U10 cosa. But OHATS gave U at only 5–5.6 m, and for
generality, we use U here.

8 The cluster of points in the left corner of Fig. 5 is likely due to
the minority of conditions with an appreciable wind-wave angle,
where cp/U tended to be small.
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following thewind (cp,U), the parameterization (12) has
diminishing impact on modeled tij; the surface-induced
pressure will have a smaller effect on the stress, and the
model (10) should perform well even without P sfc

11 .
For each 30-min OHATS data segment we calculate

the mean wave speed cp from the peak frequency wave-
height spectrum by applying Newton–Raphson iteration
to the dispersion relation cp 5 (g/vpeak) tanh(vpeakd/cp),
with water depth d5 15.6 m and vpeak 5 2p fpeak; again,
the subfilter energy e is diagnosed from measurements
as in Hatlee and Wyngaard (2007). For OHATS a rel-
atively wide range of coefficients Cij

sfc give marked
improvement over the land-based model (10); the data
suggest9 fC11

sfc, C13
sfc, C33

sfcg ’ f230, 25, 10g 625%.
Figure 6 displays the results of adding the surface pres-
sure parameterization (12) to the rate equation model
(10), showing a dramatic improvement over this land-
based model (Fig. 4).10 Figure 6 also shows that (12)
leads to more precise predictions than over flat land in
HATS; this is likely due to the relatively large influence
of the waves, and the ranges of ‘/Df and atmospheric
stability z/LMO (where LMO is the Monin–Obukhov
length) being significantly narrower in OHATS than in
HATS.

An alternative model for Psfc
ij is also derived by adapt-

ing the empirically determined drag coefficient relation
CD(u*/g, vpeak) of Hwang (2004) to parameterize the
contribution of ocean-induced pressure to tij. Using data
from a number of different measurement campaigns,
Hwang (2004) found the drag coefficient CD at height
z 5 l/2 (half the representative wavelength) to behave
as Cl/2 } (vpeaku*/g)

0.7, where u* [ h2uwi1/2 is the
friction velocity. Now replacing u* with e1/2 and esti-
mating the subfilter part of pbndSij to behave as CDeSij,
considering the general form of Pij we arrive at the
relation

P sfc
ij 5C sfc9

ij

vpeake
1/2

g

 !0.7
e Sij . (13)

FIG. 5. Normal subfilter deviatoric stress t11 [ 2[R11 2 (2/3)e] vs
wave age observed during OHATS; U taken at z 5 5 m.

FIG. 6. Predictions of model [(10) and (14)] plus surface-induced
pressure-strain parameterization (12) for subfilter stress tij vs ob-
servations in OHATS: (top) Normal stresses, taa; (bottom) shear
stress t13. Here C11

w 5 228, C13
w 5 5, C33

w 5 10.

9 Echoing the height dependence of pressure, a factor like
exp(2az/l) (Hasselmann and Bösenberg 1991) could be included
in Cij

sfc. For simplicity we refrain from doing so, both because e
decreases (implicitly) with z and because data were taken at only
two heights.

10 For the figure we use our modified form of the mean-shear
contribution Psfc

ij , Eq. (14), with Ct 5 0.10 and C13 5 0.5 (see next
section).
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Using C sfc9
ij 5 0.2C sfc

ij , the parameterization (13) added
to the rate equation model (10) gives tij very similar to
the values predicted using (12), so that the results appear
identical to Fig. 6. Such results are understandable given
that (13) has a dependence P sfc

ij } e1.35 similar to the e1.5

dependence of (12).11 The form (12) is essentially a low-
order approximation for wave effects that are likely
characterized by more parameters than just wave age;
more accurate or higher-order parameterizations could
contain a dependence on wind-wave angle and stability,
but that is beyond the scope of this note.
We also found that increasing the constant Ct to 0.10

improved predictions of tij in HATS, along with increas-
ing C13 to 0.5. The rapid-shear model was further im-
proved by using the arguments of Hatlee and Wyngaard
(2007, their appendix A) to set

PS
33 5 0.8e

›U

›z
, PS

22 5 #PS
11 #PS

33,

PS
11 5C11e

1/2Df

›U

›z

! "2
, PS

13 5C13e
›U

›z
, and

PS
i2 5 0, (14)

where the second line of (14) is the same as for (9). This
choice for P33

S permits nonzero P22
S and allows for the

possibility that the behaviors of P11
S andP33

S differ more
over waves than over land. Indeed, we find that it re-
duces the scatter in OHATS predictions, and it was used
in the model for the data shown in Fig. 6. Predictions
using our modified mean-shear parameterization (14)
are compared to HATS observations in Fig. 7 (bottom),
which shows some improvement over the Hatlee and
Wyngaard (2007) mean-shear form (9).

3. Summary

Here we have developed simple parameterizations for
the effect of ocean-induced pressure on subfilter stress
and refined the Hatlee and Wyngaard (2007) form for
pressure strain in order to generalize the Hatlee and
Wyngaard (2007) SFS flux model for use over sea and
land. The new parameterizations greatly improve pre-
dictions of stress for data from the Ocean Horizontal
Array Turbulence Study (OHATS).
The characterization and testing of the parameter-

izations for the pressure effects of the moving ocean–

air interface were limited by a number of factors. The
OHATS data were taken over a relatively narrow range
of ‘/Df and stabilities z/LMO compared to HATS, with
streamwise filtering issues incurred by wind speeds
greater than 10% of the product of filter width Df and
anemometer sample rate. The corrections made to hui
also limit the analysis of subfilter potential temperature
flux. The models (12) and (13) for ocean-induced sub-
filter pressure strain are compatible and perform rather
well for OHATS, but more marine boundary layer
data—including pressure measurements—are needed
to investigate the dependence of ocean-induced pres-
sure strain on altitude, wave slope, stability, or other
parameters.

FIG. 7. Modeled vs observed tij from HATS. (top) Hatlee and
Wyngaard (2007) model (9) results (their Fig. 11); (bottom) new
model (14).

11 A factor l/zmay also be appropriate in (13), andwe found that
including it (with the adjustment Csfc

ij 9’Csfc
ij /75) produces effec-

tively identical results; however, because OHATS has measure-
ments taken at essentially one height (6;10%) we omit such a
dependence.
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