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Turbulent flow over water waves in the presence of stratification
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Direct numerical simulation is used to investigate stratified turbulent flow over a series of prescribed
moving water waves at a bulk Reynolds number Re58000 and waveslopeak50.1. Unstable,
neutral, and stable stratifications are considered for a range of wave phase speedsc. Stratification
is shown to significantly alter the mean vertical profiles of velocity and temperature, turbulence
variances, wave-induced flow fields, and surface form stress. For the range of conditions considered,
the surface form stress~drag! and flow patterns~critical-layer height and streamlines! are well
correlated with the friction velocityu* , which therefore contains the essential information about
stratification influences. Nonseparated sheltering@Belcher and Hunt, Annu. Rev. Fluid. Mech.30,
507 ~1998!#, which determines the drag in neutral flow over stationary topography, is modified by
stratification and the movement of the underlying waves. The variation of the form stress with phase
speed is correlated with the movement of the critical layer above the surface. Compared to neutral
flow at a given phase speed, the flow patterns with unstable stratification are similar to the flow
patterns over slower moving waves while stable stratification results in flow patterns typical of faster
moving waves. This behavior is qualitatively captured by the wave age parameterc/u* . The
wave-induced temperature field responds to the wave-induced velocity fields by forming positive
and negative patches over the wave crests and troughs, respectively, with the resulting wave-induced
heat flux as much as 15% of the total surface heat flux. Estimates of wave growth from the DNS are
in reasonable agreement with field observations and laboratory experiments, and they are larger than
predictions from high Reynolds-number, second-order closure models forc/u* ,10. For c/u*
.10, the present calculations predict less negative form stress~or less damping! of the waves
compared to second-order closure models. ©2002 American Institute of Physics.
@DOI: 10.1063/1.1447915#
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I. INTRODUCTION

Coupling between the atmosphere and ocean occur
the air–sea interface where numerous mechanic~momentum
transfer! and thermodynamic~sensible and latent heat tran
fer! interactions take place. One of the most important a
visible components of air–sea interaction is the coupling
water waves and atmospheric turbulence. Since turbulenc
the surface layer of the planetary boundary layer is affec
by buoyancy forces we expect density stratification to pla
role in air-wave coupling dynamics.

There is extensive literature on neutrally stratified
flow over waves and stationary hills, both experimental a
computational. Belcher and Hunt1 provide a review of the
current state of second-order closure modeling, wh
Belcheret al.2 and Belcher and Hunt,3 emphasizing a triple
deck analysis of the turbulent flow, discuss the physi
mechanisms that contribute to the flow patterns and fo
~pressure! drag. In the case of low amplitude hills~no flow
separation!, they find that the action of turbulent stresses
the mean flow close to the surface thickens the bound
layer on the leeside of a hill leading to an asymmetrical fl
pattern and hence drag~referred to as non-separated shelt
1181070-6631/2002/14(3)/1182/14/$19.00
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ing!. In flow over water waves sheltering continues to dom
nate, but the physical picture is further complicated by
movement of the underlying surface and the presence
critical layer.1,4,5

In flow over hills, Huntet al.6 find that the flow patterns
away from the surface are considerably altered by sta
stratification while Belcher and Wood7 discuss the impact o
stratification on form drag. The few theoretical studies th
examine the effect of stratification on wave growth use a
lytic models based on the Taylor–Goldstein equation8 or
second-order closure models.9 Accounting for the density
stratification of the atmosphere is important and has b
shown to help explain scatter in observed wave growth
field observations.10 There are also a few experimental stu
ies in wind-wave tank facilities that specifically focused
the impact of stratification and flow over water waves. P
padimitrakiset al.11,12 found that the effects of stratificatio
in the mean velocity and temperature profiles over wa
waves can be accounted for by comparing profiles at
same nondimensional height,z1,13 above the waves and tha
the bulk aerodynamic coefficients for heat and mass tran
are best correlated with the friction velocity. Their propos
2 © 2002 American Institute of Physics
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to use friction velocity scaling is consistent with the physic
interpretation of Voorripset al.9 that the main influence o
stratification in flow over water waves is to change the t
bulence intensity.

Previously, we used three-dimensional, time-depend
direct numerical simulation~DNS! to study the interaction
between neutrally stratified turbulence and an idealized
face gravity wave field under Couette flow.4 Our simulations
show that the turbulent flow above moving waves genera
an asymmetrical flow about the wave crest, similar to fl
over hills, but the mean streamline patterns further dep
on the phase speed of the wave and the presence of a cr
layer. In the DNS, the surface pressure field and form st
~drag! variations with wave age are similar to predictio
from rough-wall second-order closure models despite
huge difference in Reynolds number. The present pa
builds on our previous DNS investigation and examines
interaction between an imposed surface gravity wave fi
and stratified turbulence for varying wave age. We are p
ticularly interested in the surface pressure and the beha
of the flow in the vicinity of the moving wavy surface.

In related work, there are a few turbulence-resolvi
simulations of neutrally stratified flow above stationary
pography, e.g., Cherukatet al.14 and Calhoun and Street.15

These studies focus on steep topography and the turbul
mechanisms present in separated flows. Separation occu
a waveslope greater than about 0.3 depending on the su
roughness.16 We consider smooth surfaces with small wav
slopes of 0.1~see Sec. IV! and hence separation is not a
important influence. Heated Couette flow, which we descr
below, has frequently served as an idealized flow model
studying turbulence under the driving influences of bo
shear and buoyancy~but without surface waves!, with par-
ticular attention to the criteria for the formation of longitu
dinal convective rolls. Domaradzki and Metcalfe17 used DNS
~smooth boundaries! to examine sheared convection at Ra
leigh numbers of order 1.53105, while Sykes and Henn18

considered a similar flow using large-eddy simulation~LES!
with parameterized surface roughness. Both sets of inve
gators found that shear tends to organize the convective
into near two-dimensional rolls with axis parallel to the me
flow direction. In the LES, the strength and pattern of t
organized streamwise rolls is well correlated with the ratio
the friction velocity to the convective velocity scaleu* /w* ;
roll formation occurs foru* /w* .0.35. These numerica
studies all consider flat upper and lower boundari
Krettenauer and Schumann,19,20 using both DNS and LES
include a stationary wavy lower boundary in their simu
tions but only consider Rayleigh–Be´nard convection~i.e.,
with no mean wind!. They identify a critical wavelength o
the surface undulation that produces rolls with axes in dir
tions both parallel and perpendicular to the wave crests.

II. PROBLEM FORMULATION

The geophysical flow of interest is modeled as a thr
dimensional, stratified, turbulent, viscous, Couette flow o
a series of heated~or cooled! two-dimensional water wave
~Fig. 1!. The coordinate system is such thatx is aligned with
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the primary flow direction,y is parallel to the wave crests
and z is measured vertically from the mean water surfa
The corresponding velocity components are (u,v,w), pres-
sure isp, and the fluid temperature, viscosity, density, a
thermal conductivity are~u,n,r,a!, respectively. In the
present problem the water wave is assumed to be a t
dimensional, monochromatic, deep-water gravity wave w
wavelengthl, phase speedc, amplitudea, waveslopeak
5a2p/l, where the wave numberk52p/l, and orbital
velocities given by first-order wave theory. The extern
forcing of the flow occurs through a constant velocityUo

imposed atz5h and a thermal gradientnu5uL2uU where
the constant temperatures of the water surface and u
boundary areuL anduU .

The governing equations for this flow are the Navie
Stokes equations for a Boussinesq fluid written in nondim
sional form:

]ui

]t
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]uiuj

]xj
52

]p
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2 ,
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where length, time, velocity, and temperature are appro
ately made dimensionless by (h,h/Uo ,Uo ,nu). Then the
dimensionless parameters are the Reynolds number
5Uoh/n, Prandtl number Pr5n/a, and Richardson number

Ri52
gh

uo

nu

~nU !2 , ~2!

where uo is a reference temperature andn(u,U) denote
jumps in temperature and velocity between the upper
lower walls~Fig. 1!. Our normalization and sign conventio
in Eq. ~2! are chosen so that the regimes of unstable, neu
and stable stratification correspond toRi,0,50,.0, respec-
tively. To simulate neutrally stratified flow, a finitenu is

FIG. 1. Sketch of 3D stratified Couette flow driven by velocityUo over a
moving wavy boundary of wavelengthl ~wave numberk52p/l!, phase
speedc, and amplitudea in a domain of size (Lx ,Ly ,h)5(6,4,1)l. The
surface temperature of the wave and upper boundary areuL anduU , respec-
tively.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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1184 Phys. Fluids, Vol. 14, No. 3, March 2002 P. P. Sullivan and J. C. McWilliams
imposed, but the buoyancy term in the vertical moment
equation is omitted so thatu is then simply a passive scala
(h,Uo ,nu) are also used to nondimensionalize the prop
ties of the imposed wave. Thus, when we refer to the ph
speed of the wavec it is understood that it is nondimension
alized byUo .

Boundary conditions are imposed consistent with a ty
cal DNS, i.e., periodic~in x and y! sidewalls and no slip
conditions in the vertical direction. At the surface the
velocities and fluid temperature are matched to the orb
velocities of the wave and the surface temperature, whil
the upper boundary (u,v,w)→(Uo,0,0) andu→uU .

III. NUMERICAL METHOD

The numerical method used to solve the continuity, m
mentum, and temperature transport equations is fully
scribed by Sullivanet al.4 and thus is only briefly outlined
here. Our method uses a conformal~hence orthogonal! map-
ping to transform the Cartesian coordinates (x,y,z) into a
flat computational space~j,h,z!. A co-located grid architec-
ture is used for all variables instead of a staggered lay
typical of most numerical schemes. We use contravar
‘‘flux’’ velocities 21 at the cell faces and adopt th
momentum-interpolation method of Rhie and Chow22 to
maintain close velocity-pressure coupling. This proced
has the additional advantage that large bends in the phy
coordinate lines can be accommodated.

In our co-located DNS, the spatial differencing and tim
advancement are similar to our large-eddy simulation cod23

pseudo-spectral differencing in~j,h! planes and second
order finite differences in the transformedz direction are
used and the time stepping is accomplished with a th
order explicit Runge–Kutta method using a fixed CFL cri
rion. A nonuniform vertical~z! mesh is used to resolve th
top and bottom boundary layers in our viscous Couette fl
constant spacing is used in~j,h! directions. Because of th
coordinate transformation, the Poisson equation for the p
sure contains variable coefficients and is solved using
iterative method, approximately 10 iterations are required
converge the pressure solution. At each time step mass d
gence is satisfied to machine zero. Finally, to take out
temporal variation of the lower boundary,zbdy5a cos@k(x
2ct)#, solutions are obtained in a frame of reference mov
at the wave phase speedc.

IV. DNS EXPERIMENTS

The posed problem has a large parameter space to
plore: variations in phase speedc, waveslopeak, Reynolds,
and Richardson numbers are all of interest. To conserve c
putational resources, we concentrate on fixed values
waveslopeak50.1 and Re58000 ~whose sensitivities are
examined in Sullivanet al.,4 for neutral stratification!, and
we vary the phase speedc and Richardson number. Simula
tions with a flat stationary lower boundary (ak50,c50) are
also performed to establish a baseline for the effects of st
fication. The results presented here are drawn from a d
base of more than 20 simulations~Table I!.
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At Re58000, turbulence is well developed in neutr
Couette flow since this value is well beyond the transitio
value (Re52000) reported by Bechet al.24 The correspond-
ing wall Reynolds number, Re*5u*h/2n, varies from about
100 to 164 over the range of stratification and phase sp
considered. These values are 2 to 3 times greater than
values used by Komminahoet al.25 and Bechet al.24 in neu-
trally stratified simulations. The size of the computation
domain, nondimensionalized by the box height, is (635
31), and the discretization uses (Nx ,Ny ,Nz)
5(144,144,96) gridpoints in the (x,y,z) directions. The neu-
tral simulations ~borrowed from Sullivan et al.4! used
(Nx ,Ny ,Nz)5(144,96,96) gridpoints. Considering the vari
tion in Re* , the grid spacing in wall units varies from 8.3 t
13.7 in thex direction and 6.9 to 11.4 in they direction. Grid
clustering near the wavy lower surface and upper bound
is used in the verticalz direction with the firstu-gridpoint
located in the range 0.38 to 0.63 wall units~depending on
Ri!. At the center of the channel, the vertical spacing is
ways less than 6.9 wall units. These grid spacings are cho
to capture the viscous dissipation range and are general
accordance with other DNS.26 Expressed in terms of the
wave numberk of the imposed surface wave, the compu
tional box size is (1231032)p with horizontal spacings
(knx,kny)5(0.26,0.22) and a vertical spacingknz vary-
ing from 0.005 near the wall to about 0.17 at the chan
centerline.

Our choice of computational domain size, Reynol
number, stratification, and waveslope are a compromise
tween the competing requirements to have minimal dis
bances from the wavy lower surface in the upper half of
channel and still retain wave influences at finite Reyno

TABLE I. Simulation properties.

c/Uo Ri Dp /u
*
2 u* 3102 q* 3103

0. 20.031 0.138 3.58 1.25
0. 0 0.129 3.21 1.03
0. 0.031 0.112 2.66 0.698

0.062 20.031 0.156 3.410 1.148
0.062 0 0.139 3.280 1.076
0.062 0.031 0.117 2.561 0.647

0.125 20.031 0.190 3.619 1.282
0.125 0 0.181 3.200 1.024
0.125 0.031 0.164 2.789 0.774

0.25 20.094 0.191 4.102 1.621
0.25 20.031 0.174 3.647 1.304
0.25 0 0.123 3.179 1.01
0.25 0.031 0.104 2.758 0.750

0.365 20.031 0.049 3.547 1.234
0.365 0 0.022 3.170 1.005
0.365 0.031 0.00237 2.635 0.687

0.50 20.031 20.0072 3.444 1.179
0.50 0 20.016 3.081 0.949
0.50 0.031 20.0312 2.538 0.643

0.70 20.031 20.0250 3.400 1.154
0.70 0 20.0350 3.080 0.948
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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1185Phys. Fluids, Vol. 14, No. 3, March 2002 Turbulent flow over water waves in the presence
number. The selected parameters were found acceptab
our previous study of neutrally stratified flow. The proximi
of the upper boundary is nevertheless of concern and
check on its influence we consider a higher resolution sim
lation (Nx ,Ny ,Nz)5(240,240,96) with Re516 000, c
50.125, neutral stratification, and wave amplitude equa
half that considered above~i.e., a50.008 as opposed toa
50.016!. With this choice of parameters, the Reynolds nu
ber based on the wavelength remains constant. To make
higher Re simulation reasonable in terms of computatio
time ~a factor of 8 increase is needed compared to the lo
Re simulations! a smaller computational domain (53331)
is used. Given the unavoidable differences in the simula
parameters~its not possible to keepak and Rel constant and
vary a without changing Re!, we find that the results for the
suite of parameters used are not strongly influenced by
proximity of the upper boundary~see the discussion of th
stress in Sec. V!.

All simulations are started from a linear profile inz for
the mean horizontal velocity with zero initial perturbatio
for the velocity fields. Turbulence is triggered by small ra
dom perturbations in the temperature field. The simulati
of stable stratification are spawned from well developed n
tral cases. All the simulations are integrated for more th
20 000 time steps which is at least 300 large-scale (tUo /h)
time units. A typical runtime for a simulation is about 80
CPU hours on an IBM SP using 24 processors. A summ
of the simulations is presented in Table I. Values of non
mensional friction velocityu* and heat transferq* are ob-
tained from averaging time series of the mean profile gra
ents at the top of the domain, and they are equivalent fo
heights. The form stressDp is similarly obtained by integrat
ing the surface pressure field weighted by the surface s
gradient, according to Eq.~4!.

V. RESULTS

The majority of our statistics~e.g., vertical profiles of
means, variances, and wave-induced fields! are obtained by a
combination of spatial and temporal averaging using m
than 100 3D data volumes. To identify wave-turbulence
teractions we employ both ensemble and ‘‘phase’’ averag
In our analysis, an arbitrary signalf is decomposed as

f ~x,y,z,t !5^ f ~z!&1 f w~x,z!1 f 8~x,y,z,t !, ~3!

where^ f (z)& is the ensemble~mean! average,f w(x,z) is the
phase average, andf 8 are turbulent fluctuations.̂f & is an
average over all (x,y,t), while f w is the average deviation a
a point (x,z) from the from mean, i.e.,f w5* t*yf dydt
2* t*y*xf dxdydt. Then * t*xf wdxdt50 by construction.
Further details about the averaging methods are describe
Sullivan et al.4

A. Flat stationary boundary with stratification

For reference, we first show the influence of stratific
tion on the vertical profiles of mean horizontal velocity a
temperature over the entire vertical domain for a flat stati
ary lower boundary~Fig. 2!. As expected, the mean profile
become increasingly well-mixed~in the vertical! as the level
Downloaded 29 Aug 2008 to 128.117.88.74. Redistribution subject to AIP
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of stratification becomes more unstable. Notice the ra
transition to a well-mixed vertical profile even with the a
dition of a small amount of buoyancy~cf., cases5(0,
20.031, and20.094)). Our profiles are symmetrical abo
the mid-planez50.5 as required for Couette flow, and th
symmetry of the profiles is an indication that the compu
tions have reached a statistically steady state.

The combination of shear and stratification also ha
significant impact on the vertical distribution and level
turbulence~Fig. 3!. Hereu

*
2 andu* 52q* /u* are used to

normalize the velocity and temperature variances. In
middle of the domain, all four variances exhibit monoton
behavior as the stratification varies from stable to unsta
normalized (̂u82&,^v82&,^u82&) all decrease whilêw82& in-
creases. Near the wall a different trend is observed;^w82&
changes little, (̂u82&, ^u82&) show 30% increases, and^v82&
changes by more than a factor of 2 as Ri decreases. Qua
tively, the variance profiles at the modest value of
520.094 are more typical of windless Rayleigh–Be´nard
convection (Ri52`) than of neutrally stratified shear flow
(Ri50). The vertical profiles ofv and w variances result
from longitudinal roll cells that occur in our solutions at R
520.094. Large-scale coherent structures are a persis
feature of neutral Couette flow25 but our results indicate a
dependence on stratification; they are enhanced with unst
stratification and disappear in stable stratification. Komm
nahoet al.25 also note a sensitivity to system rotation. Sim
lar coherent structures have also been found in some lar
scale rotationally influenced geophysical flows like t
planetary boundary layer.27–29 For the range of Ri consid
ered, the shape of the variance profiles depends uniquel
the combination of shear and stratification, and thus neit
u* nor the convective velocity scale30 w* 5(gq* h/uo)1/3

FIG. 2. Profiles of normalized mean horizontal velocity and temperature
varying Richardson numbers over a flat boundary: Ri520.094L; 20.031
s; 0 d; and 0.031^.
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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1186 Phys. Fluids, Vol. 14, No. 3, March 2002 P. P. Sullivan and J. C. McWilliams
fully collapses the horizontal variance profiles. In LES of t
planetary boundary layer, Deardorff30 also reported that sig
nificantly lower ~more negative! values of Ri are needed s
that the turbulence intensity scales withw

*
2 . The conclusion

from these results is that for the values of Ri conside
thermal stratification is important and modifies the mean p
files and turbulence statistics when the upper and lo
boundaries of the physical domain are flat and smooth,
the influence of the mean shear remains important.

B. Mean and variance profiles over a moving wavy
boundary

Vertical profiles of average horizontal velocity and tem
perature in terms of wall variables are depicted in Figs. 4

FIG. 3. Profiles of horizontal and vertical velocity variance for varyi
Richardson numbers. Symbols and conditions are identical to thos
Fig. 2.

FIG. 4. Vertical profile of mean horizontal velocity in wall units for stra
fied shear flow over a wavy boundary withc/Uc50.5 for varying Ri. Here
Uc5Uo/2 is the channel centerline velocity.
Downloaded 29 Aug 2008 to 128.117.88.74. Redistribution subject to AIP
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5, respectively, for a moving wave withc/Uc50.5 ~Uc

5Uo/2 is the velocity at the channel centerline!. Waves with
c'0.25 and less are of particular interest since wave gro
typically occurs in this regime~see Sec. V!. The mean pro-
files of (u,u), shown in Figs. 4 and 5, are obtained by fir
interpolating the instantaneous velocity and temperat
fields in wave following coordinates to a flat stationary c
ordinate system and then averaging in horizontal (x2y)
planes and in time; the flat coordinate system begins
above the wave crests.4 Wall variables for velocity, tempera
ture, and length are defined as (u1,u1,z1)5(u/u* ,(u
2uL)/u* ,zu* /n). The profiles of velocity and temperatur
over moving waves exhibit the same overall trends as the
stationary boundary case; as the stratification varies from
stable to stable the extent over which the profiles mainta
significant vertical gradient increases. In wall variables,
profiles of velocity and temperature with stable~unstable!
stratification lie above~below! those for the neutral case
This is caused by the decreased~increased! turbulence levels
in stable ~unstable! stratification which is reflected in the
variation of (u* ,q* ) shown in Fig. 6. The mean profiles fo
the stratifications considered nearly collapse belowz1,10,
which is expected from Monin–Obukhov similarity theory.31

The latter accounts for stratification in the surface layer
the planetary boundary layers and predicts that buoya
influences dominate whenz is greater than the Monin–
Obukhov lengthL52u

*
3 /gbkq* ~herek is the von-Kármán

constant andb is the coefficient of thermal expansion!. At
z1.10, the profiles gradually depart with the stable~un-
stable! profiles exhibiting higher~lower! values of normal-
ized velocity and temperature compared to the strictly lo
linear variation. This is also in qualitative agreement w
Monin–Obukhov similarity theory. Far away from the wav
boundary the velocity and temperature profiles approach
centerline in a slightly nonmonotonic manner. This behav
is due to the longitudinal roll system present at
520.094 mentioned previously. Additional computatio
~not shown! at even more negative values of Ri show a sim
lar trend in the mean profiles while calculations at Ri52`
~i.e., free convection! do not display this behavior.

It is also interesting to note that the variation of frictio
velocity and heat flux in Fig. 6 for a given wave age is mu
less than the variability with stratification. In addition, w
find thatq* 5u2 to a good approximation. This is in agree

in

FIG. 5. Vertical profile of mean temperature^u&15^(u2uL)/u* & for strati-
fied shear flow over a wavy boundary withc/Uc50.5 for varying Ri.
*
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1187Phys. Fluids, Vol. 14, No. 3, March 2002 Turbulent flow over water waves in the presence
ment with Reynolds analogy,32 which in its simplest form
states that the momentum and heat transfer are equa
laminar, incompressible flow withPr51. Sinceq* andu

*
2

are constant with height in Couette flow our results imp
that the turbulent Prandtl number in our flow is near un
The streamwise vorticity intensity, vx85^(]w/]y
2]v/]z)2&1/2, near the lower boundary is observed to i
crease with decreasing stratification with a slight variat
with wave age. We takevx8 as a measure of the strength
streamwise roll cells, and the observed variation sugg
that they strengthen as the stratification becomes more
stable over the range of Ri considered. The presence of
amplitude moving waves only slightly alters their formatio
and strength. Calhoun and Street15 using thel2-method33

also find streamwise vortices on the upwind face of stati
ary topography.

The velocity and temperature variances above mov
waves in the presence of stratification are depicted in Fig
Compared to the flat bottom cases~Fig. 3!, the presence of a
moving wavy boundary has altered the vertical profiles of
u andu variances to the greatest extent. In the flat coordin
system used for analysis here, the maximumu variance oc-
curs just above the wave crests and with a slightly redu
amplitude~about 10 to 15%! when Ri520.094. The maxi-
mum u variance is also just above the tops of the waves
with a larger reduction in the amplitude as much as 40%. T

FIG. 6. Variation of normalized friction velocity (u* ), heat flux (q* ),
streamwise vorticity intensity (vx8), and flux ratio (u

*
2 /q* ) as function of

bulk Richardson number. The cluster of points at each Ri depict the va
tion with wave age.vx8 was computed atz50.06 ~or kz50.37! from the
lower boundary.
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shape and magnitude of thew andv velocity variances ex-
hibit the same behavior as in the flat bottom case; thew
variance is almost independent of stratification, while thev
variance is greatest with the most unstable stratification
Sullivan et al.,4 we also reported that for neutrally stratifie
flow, slow-moving waves reduced theu variance slightly
with only small increases in thew variance. It is not surpris-
ing that thev variance is not altered appreciably since o
waves are two-dimensional~no y variation! and of modest
slope, ak50.1, with no significant flow separation. Flow
separation over a stationary wave can cause the deta
shear layer to impact the windward face of the downstre
wave, leading to vigorous oscillations inv.14,15,34,35The os-
cillations in v might further be excited by the presence
streamwise~Görtler vortices!.15 The parameter space inve
tigated by these studies is outside the present regime s
they consider steep stationary waves with 0.157,ak
,0.628.

C. Form stress and wave growth

One of the important questions to consider is the infl
ence of stratification on the surface pressure field and he
its role for wave growth. In Fig. 8, we show the variation
form stress~normalized byUo

2)

Dp5
1

l E
0

l

p
dzb dy

dx
dx, ~4!

as function of wave phase speed with the Richardson num
as a parameter. Heredzb dy /dx is the slope of the underlying
waveform. In general, the surface drag is higher~lower! for
unstable~stable! stratification compared to the neutral cas

a-

FIG. 7. Variation of velocity and temperature variances at wave sp
c/Uc50.5, symbols and conditions as in Fig. 5. The vertical axis along
left and right side of each plot is in units ofkz andz, respectively.
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but with a dependence on the wave speed. A similar tr
was also observed by Voorripset al.9 Large changes in form
stress are obtained at low values ofc; e.g., atc50.5, the
drag varies by more than a factor of 3 as Ri varies fr
20.094 to 0.031. Fast-moving waves, for which the fo
stress is near zero or slightly negative, are least influence
the changes in the stratification. In field measurements, b
the friction velocityu* andU10 ~the velocity at 10 m! have
frequently been used to scale the wave growth. Kahma
Calkoen10 were unable to settle the question as to wh
scale velocity is more appropriate, partly because trueu* is
often not available from field measurements~empirical laws
frequently are used to estimate surface drag from other
servations!. In Fig. 9, we have re-plotted the results fro
Fig. 8 using nondimensional coordinates (Dp /u

*
2 ,c/u* ).

For the ideal cases considered here~i.e., a single monochro
matic wave!, the primary effects of unstable, neutral, a
stable stratification are accounted for by employingu* scal-
ing for both the drag and wave age. Close inspection of
results in Fig. 9 suggest that at low wave age there i
persistent trend for the normalized drag to be higher w
increasing unstable stratification. This is in agreement w

FIG. 8. Surface form stress for several values ofc/Uc with varying Ri.

FIG. 9. Surface form stress, normalized byu
*
2 , for several values of wave

agec/u* with varying Ri.
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the second-order closure model of Voorripset al.9 However,
their model predictions also show that this same trend c
tinues for fast-moving waves, which is not supported by
present calculations. Fast-moving waves carry little fo
stress, hence it is difficult to resolve the influence of strat
cation from the statistical variability in the drag. Voorrip
et al.9 did not consider the regime where the waves are m
ing faster than the winds with stratification. The latter is
intriguing regime since the pressure transport from wave
the atmosphere can produce a wave-driven wind increas36

Note that the nondimensional form stress in Fig. 9 fro
the higher Re simulation witha50.008 is in close agreemen
with the trend from the lower Re simulations witha
50.016. This provides evidence that the lower Re simu
tions with larger wave amplitude are not strongly contam
nated by the presence of the upper boundary. The slig
elevated drag obtained at Re516 000 is likely due to the
smaller horizontal domain used in this simulation. Komm
nahoet al.25 show that in Couette flow the turbulence inte
sity increases with decreasing horizontal domain size wh
supports our premise that higher levels of turbulence lea
increase form stress.

The determination of drag, and hence wave growth, fr
measurements is a challenging task as knowledge of the
face pressure field is generally unknown. Typically, the s
face pressure field is inferred from measurements ta
slightly above the water surface and extrapolated downw
using a potential flow assumption. Plant37 synthesized a large
body of the existing data and reported measurements of
fractional rate of energy transfer to the wave field,b. For a
deep-water wave, the fractional rate of energy transfe
related to the form stress via38,39

b5
1

vE

dE

dt
52

r

rw

Dp

~ak!2 Fu*
c G2

, ~5!

where the energy of the wave isE5rwga2/2, wave fre-
quency isv5ck, the density ratio of air-to-water isr/rw ,
andak is the waveslope. In the above, we neglect the c
tribution from the surface shear stress40 and evaluate the
form stressDp using the pressure field at a smooth wa
surfacez5zbdy . In Eq. ~5!, b only accounts for the wave
growth induced by the wind field.~Wave growth can also be
induced by nonlinear wave–wave interactions in a sea wi
multi-component wave spectrum.41! In Fig. 10, the wave
growth deduced from our simulations is compared to m
surements@using Eq.~5! with r/rw51.2531023#. In mak-
ing this comparison it is important to keep in mind the mo
eling assumptions used. The DNS is performed at low-Re
a finite depth domain, and the underlying surface is assum
to be a smooth, monochromatic wave with no time evoluti
We have some evidence that the finite domain is not sign
cantly influencing the results but the other assumptions
only be addressed by considering LES or DNS with high
Re and a more realistic wavy surface. Reasonable quan
tive agreement is observed despite the modeling restrict
and the uncertainties in the measurements. The scatter in
data emphasizes the difficulty of making wave-growth m
surements in both the field and wind-wave tanks. In t
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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figure, we also include estimates of wave growth from th
different rough-wall second-order closure models.38,39 These
calculations assume a monochromatic wave field withak
50.1 and a uniform surface roughness ofzo50.0001 m. In
general, the predictions from our low-Re DNS agree be
with the measured wave growth foru* /c.0.1 ~or c/u*
,10! than do estimates from the much higher-Re clos
models.

Predictions from second-order closure with finite Re
nolds number show an increase in form stress with decr
ing Re42,43 and thus Re effects is a possible explanation
the discrepancies between model predictions and meas
wave growth. Also, Harriset al.43 point out that the rough-
ness Reynolds number for oceanic conditions is frequentl
the transitional regime, and thus the turbulent flow is like
Reynolds-number dependent. One consequence of
low-Re in our simulations is the early transition in the sign
the form stress~i.e., the point where the flow switches from
wind-driven waves to wave-driven winds!. This transition
occurs nearc/u* '14 ~see Fig. 9! whereas high-Re, rough
wall, second-order closure predicts a transition nearc/u*
'22. This Reynolds-number effect also manifests itself
Fig. 10 at low values of inverse wave age (u* /c,0.1)
where the DNS predictions depart from the measureme
However, if measured wave-growth data were presented
function of the wave agec/ul , whereul is the mean wind
speed at one wavelength above the surface, then the tr
tion from wind-driven waves to wave-driven winds is rel
tively independent of Reynolds number.4 However,ul is not
routinely reported in most field observations.

FIG. 10. The fractional rate of energy transfer to the waves due to pres
drag as function of inverse wave age. Light symbols are measurem
synthesized by Plant~1982!, and dark symbols are results from present DN
with varying Ri. The thin solid lines are obtained from the empirical formu
b5(0.0460.020)(u* /c)2. Results from rough-wall, second-order closu
models are from Li~1995! and Li et al. ~2000!: E2kz closure~thick solid
line!, q22 l closure~dashed-dotted line!, and Launder–Reece–Rodi~closure
dashed line!.
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D. Phase-average pressure and velocity fields

One of the primary conclusions of Belcher and Hunt3 is
that the highly turbulent flow near the surface of a hill pr
duces an asymmetrical pattern of mean flow streamline
shown in Fig. 11. They identify this nonseparated shelter
mechanism as the dominant contributor to the form stre
Streamlines from our DNS of neutrally stratified, stationa
wave flow4 shown in Fig. 11 are in agreement with tho
sketched by Belcher and Hunt. An important question is th
how is this flow pattern altered by moving waves? In Fig. 1
phase-average streamline patterns over moving wave
constantc50.25 for varying Richardson number are d
picted along with the height of the critical layer, i.e., th
vertical locationzcr where the average streamwise veloc
^u&1uw5c. First, we note that the streamlines are stron
asymmetrical about the wave crest and are modified c
pared to those shown in Fig. 11 by the orbital velocities
the water and the presence of a critical layer. Blocking by
critical layer displaces the streamlines downwind of the cr
and appears to enhance the nonseparated sheltering m
nism ~also see Belcher and Hunt1!. Both the streamline pat
terns andzcr are strong functions of the stratification. At th
most negative Ri considered,zcr lies very near the wave
surface especially just upstream of the wave crest. With
creasing Ri,zcr becomes elevated, and the region of clos
streamlines broadens. The vertical variation ofzcr with
stratification is expected, since for a givenc, zcr increases
~decreases! asu* decreases~increases!, according to a neu-
tral log-law argument, i.e.,c'(u* /k)ln zcr

11B. The com-
pactness of the streamline patterns and the proximity of
critical-layer height to the surface correlate with the for
stress; i.e., aszcr decreasesDp increases. This trend contin
ues until the critical layer becomes totally immersed in t

re
ts
FIG. 11. Neutrally stratified flow over low-amplitude stationary topograp
illustrating the nonseparated sheltering mechanism.~a! Sketch of streamline
pattern from Belcher and Hunt~Ref. 3!. e5u* /Uo whereu* is the friction
velocity andUo is a mean velocity scale in the approach flow.~b! Average
streamlines computed from DNS of Sullivanet al. ~Ref. 4!.
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viscous sublayer, and then the drag begins to approach
value for stationary waves. The variation of the avera
critical-layer height,̂ zcr&5*xzcr dx/l, with stratification is
displayed in Fig. 13. As a function of wave agec/u* the

FIG. 12. Average streamline pattern at constant wave phase speedc/Uc

50.5 showing the variation of the critical layer with Ri5(20.094,
20.031,0,0.031), panels~a!–~d!, respectively. The height of the critica
layer is indicated by a dotted line.

FIG. 13. Variation of the average critical layer height with constant wa
speed~upper panel! and wave agec/u* ~lower panel! for unstable, neutral,
and stable stratifications.
Downloaded 29 Aug 2008 to 128.117.88.74. Redistribution subject to AIP
he
e

results reasonably collapse for the range of stratificati
considered. Thus we conclude that the primary influence
stratification on the critical-layer height is to alter the turb
lence intensity level, which can be largely accounted
through the nondimensional wave agec/u* .

The phase-averagepw /u
*
2 field ~see Fig. 14! shows how

the vertical pressure field contributes to the form stress.
gions of positive and negative pressure contours form as
metrically on the upwind and downwind slopes in acco
dance with non-separated sheltering. Nearzcr , the contours
are distorted by critical layer dynamics, but become ve
cally uniform asz@zcr . The strength of the pressure fie
increases with unstable stratification while the near-surf
centroid of the pressure contours remains nearly const
For faster moving waves, nearly symmetrical negative~posi-
tive! pressure contours form over the crest~trough! of the
wave ~not shown!.

In Figs. 15 and 16, the variation of the wave-induc

e

FIG. 14. The wave-correlated pressure field,p/ru
*
2 , at c50.25 for varying

stratification. The contour values, within each family of contours, are da
to lighter with negative values~24.0, 22.4, 21.6, 20.9! for the light
shaded family, and complementary positive values for the dark shaded
ily. The critical level is indicated by a dotted line.
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FIG. 15. Phase averaged fields (uw ,ww)/u* ,
uwww /u

*
2 for case (Ri,c)5(20.094,0.25). The dark

~light! family of contours correspond to positive~nega-
tive! values, respectively: upper panels foruw , contour
values~60.2, 60.3, 60.5, 60.7!, magnitude of wave
integrateduw is shown on the right; middle panels fo
ww , with contour values~60.15,60.2, 60.3, 60.5!;
lower panels for fluxuwww , contour values~60.02,
60.05, 60.1, 60.2!. The dotted line is the critical
layer height wherêu&1uw50.
n
-
th
th

so
-

w

he
s

-
ca
er
ca
e

of

me
of
rt is
nt
ally

x

zed
ions
d at
as
nt in
the
horizontal velocityuw , vertical velocityww and momentum
flux uwww are displayed for different levels of stratificatio
and constant wave speedc50.25. The presence of stratifi
cation is found to alter the shape and magnitudes of
wave-induced fields, but they remain synchronized with
positioning of the critical-layer height;zcr varies by a factor
of two for Ri5@20.094,0.031# ~see Fig. 13!. At Ri
520.094,zcr lies closer to the wave surface, and the ab
lute magnitudes of (uw ,ww) are larger than their counter
parts with stable stratification~note the normalization by
u* !. The normalized wave-induced momentum flux belo
the critical layer is about 20% ofu

*
2 independent of stratifi-

cation. Notice that in the case Ri520.094,uwww above the
critical layer is positive and noticeably greater than in t
case with stable stratification. A similar trend also happen
neutrally stratified flow as the phase speed varies fromc
,1 to c.1 and results from the the ‘‘flattening’’ of the
critical layer aszcr moves away from the wall. When com
pared to the neutrally stratified situation, unstable stratifi
tion results in wave-induced flow fields typical of slow
moving waves, while the opposite holds for stable stratifi
tion. This behavior of the flow fields is consistent with th
Downloaded 29 Aug 2008 to 128.117.88.74. Redistribution subject to AIP
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previous observation that scaling byu* tends to collapse the
form stress for actively growing waves in the presence
stratification.

E. Wave-induced temperature field

We next analyze the temperature fields using the sa
methods as for velocity in order to examine the impact
wave-induced motions for scalar transport. Scalar transpo
typically ignored in most theoretical models of turbule
flow over wavy surfaces because of their focus on neutr
stratified flow. The wave-induced componentuw is shown in
Figs. 17 along withww and the wave-induced heat flu
uwww for unstable stratification.uw is a significant contribu-
tor to the temperature field, and theuw contours further show
that the wave-induced temperature field is clearly organi
by the motion of the waves. Near the surface, concentrat
of positive and negative temperatures patches are foun
the crest and trough. These patches are tilted downwindz
increases because of the mean wind, a trend more evide
the case with unstable stratification. This organization of
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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FIG. 16. Phase averaged fields for (Ri,c)
5(0.031,0.25) in surface following coordinates. Th
variables and contouring scheme are the same as
Fig. 15.
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temperature field can be interpreted using the contour p
of the wave-induced velocity fields in Fig. 15. At the wa
crest, there is convergence of the horizontal wave-indu
flow field accompanied by rising vertical velocity motion. A
opposite pattern happens in the trough; horizontal diverge
with sinking vertical motion. As a result of the coherence
uw and ww , warmer air near the surface is focused at
crest from both windward and leeward sides and is th
transported upward by the vertical velocity. Similarly, at t
wave trough cooler air is transported downward becaus
the horizontal divergence. A similar pattern, but with opp
site signs in the temperature field, also occurs for sta
stratification; cool and warm air are now focused over
crest and trough, respectively.

The mechanism we propose for the organization of
temperature field in flow over waves is closely linked to t
presence of a wave induced velocity field. This differs fro
windless Rayleigh–Be´nard convection over stationary wav
terrain19,20 where a coherent temperature field was only o
served for certain combinations of surface wavelength
domain height~see also McWilliamset al.44!. Our proposed
Downloaded 29 Aug 2008 to 128.117.88.74. Redistribution subject to AIP
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mechanism is active whenever a mean wind and wave fi
are present.

The resulting pattern foruw leads to a complex param
eter dependence of the wave-induced heat flux. In the
520.031 case,uwww can be as much as 15% of the surfa
heat flux near the surface. However, the wave-induced h
flux changes sign above the critical layer because of the h
zontal phase shift in the wave-induced vertical velocity.
the case with stable stratification,uwww is weaker because
now ww is primarily induced on the leeward side of th
waves, andww abovezcr is considerably less than in the ca
with unstable stratification.

VI. CONCLUSIONS

We find that for the range of stability conditions consi
ered, stratification most influences the regime of activ
growing waves, i.e., waves with phase speedc,1. The in-
creased~decreased! turbulence levels present with unstab
~stable! stratification lead to higher~lower! friction velocity
u* . As a result, the form stress variation with wave a
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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FIG. 17. Phase averaged fieldsuw /uu* u, ww /u* ,
uwww /q* for (Ri,c)5(20.094,0.25). The shading
scheme is identical to Fig. 15: upper panels foruw ,
contour values~60.2,60.3,60.5,60.7!; middle pan-
els for ww , with contour values~60.15, 60.2, 60.3,
60.5!; lower panels for fluxuwww , contour values
~60.02, 60.05, 60.1, 60.2!. The dotted line is the
critical layer height.
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collapses reasonably well when the drag is normalized byu
*
2

and wave age is expressed asc/u* . The nonseparated she
tering mechanism,1 dominate in neutral hill flow, is modified
by stratification, movement of the underlying wavy surfa
and the close proximity of a critical layer. Despite the d
parity in Re, the DNS predictions of wave growth are
reasonable agreement with measured values obtained
field measurements and laboratory experiments.

The near-surface flow patterns and in particular
critical-layer height variation are well correlated with th
level of stratification. As the bulk Richardson number var
from negative to positive values~unstable to stable stratifi
cation!, the critical-layer heightzcr increases in accordanc
with the decreasing turbulence levels~or lower values of
u* !. Wave induced velocity, vertical momentum, tempe
ture, and heat flux are also found to be strong functions
the stratification level. Compared to the situation of neu
stratification, the phase-average flow patterns with unsta
stratification are similar to the flow patterns over slow
moving waves while stable stratification induces flow p
terns typical of faster moving waves. The wave-induced te
perature field responds in an organized manner to the w
Downloaded 29 Aug 2008 to 128.117.88.74. Redistribution subject to AIP
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induced velocity field. In the situation of unstab
stratification, positive and negative temperature patches f
over the wave crests and troughs, respectively. A similar p
tern holds for the case of stable stratification but with co
and warm air now concentrated over the wave crests
troughs, respectively. The variation of the wave-induc
temperature field results from the convergence and div
gence of the phase-average velocity fields. The wave indu
momentum flux can be as much as 15% of the total surf
heat flux. For a waveslopeak50.1, no evidence of flow
separation is observed in the instantaneous or phase ave
flowfields over the range of stabilities considered.

The present results, although obtained at low DNS R
nolds numbers, have implications for higher Reynolds nu
ber flows. Field measurements are needed close to a w
surface to find evidence of critical-layer dynamics and
obtain information about the correlations between wa
induced scalar and velocity fields for a range of stratific
tions. We propose that wave age based on eitheru* or ul

~where ul is the wind speed at one wavelength above
surface! is more appropriate than the commonly used wi
speed at 10 m. The present results with and without wa
 license or copyright; see http://pof.aip.org/pof/copyright.jsp
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are in qualitative agreement with Monin–Obukhov similar
theory but they do not reproduce the similarity functions31

fm5
kz

u*

]u

]z
[kz1

]u1

]z1 , fu5
kz

u*

]u

]z
[kz1

]u1

]z1 , ~6!

in the flat bottom case to sufficient accuracy to warrant m
ing quantitative statements about the influence of waves
(fm ,fu) in field observations. Give the departures we s
from classical Monin–Obukhov similarity theory we spec
late that the presence of large-scale coherent structures i
fere with the Monin–Obukhov assumptions that the o
controlling length scale, outside the viscous sublayer, is
distance from the boundary. Recent LES a
observations29,45 also suggest a dependence of Monin
Obukhov similarity theory on the depth of the atmosphe
boundary layer. However, further investigation at ev
higher Reynolds number are needed to assess this hyp
esis. It would be of particular interest to obtain measu
ments and perform computations for very fast moving wa
under conditions of stratification where deviations fro
Monin–Obukhov similarity theory are potentially importan
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