
102 M. L. Waite and P. Bartello

(a) (b)

Figure 8. Horizontal slices (x, y) of QG vertical velocity wg given by (4.3) for (a) Rou = 0.18
and (b) 0.090 at t = 100.
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Figure 9. Horizontal wavenumber spectra (a, b) and vertical wavenumber spectra (c, d) of
vortical energy for 0.39 � Rou � ∞ (a, c) and 0.024 � Rou � 0.18 (b, d).

5. Dependence on N/f

The simulations described above cover a wide range of Rossby numbers at a fixed
stratification of N =8. The characteristic vertical scale H may depend independently
on Ro and N/f , and a set of simulations at a fixed N is not able to distinguish
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Figure 10. Vertical scales as a function of Ro: the measured vertical scale H , the QG scale
(f/N )L, and U/N .

between these dependencies. Billant & Chomaz (2001) have argued that the N/f

dependence is not significant, and that (N/U )H is therefore a universal function of
Ro as long as dissipation effects are unimportant. Additional simulations at different
N are required to determine whether this is indeed the case.

We have performed two further sets of simulations, one at N = 4 and the other at
N = 16, with ten f values between 0 and 8 and large-scale damping. We followed
the same methodology and employed the same forcing and dissipation parameters as
described above. The time-averaged vortical, wave and shear kinetic energy are plotted
against Rou for all three sets of simulations in figure 11. The vortical energy curves
collapse for Rou < 0.2, suggesting that dependence on N/f is weak in this regime. At
larger Rossby numbers, the vortical energy is insensitive to rotation but dependent
on stratification, as expected from Waite & Bartello (2004). The shear energy behaves
similarly. The wave energy, by contrast, does not collapse, and appears to depend
independently on both Rou and N/f .

In figure 12, we plot (N/U )H as a function of Rou for each set of simulations.
Our data collapses reasonably well to a single curve which goes to the QG limit
((N/U )H ∝ 1/Rou) when Rou � 1 and the stratified turbulence limit ((N/U )H ≈ 20)
when Rou 
 1. The transition between these two regimes occurs around Rou ≈ 0.2.
There are, however, some exceptions to this universal scaling. At the lowest Rossby
number for N = 4, (Rou = 0.025), (N/U )H is much larger than the corresponding
values at N = 8 and 16. Energy in this case is unable to escape from the forced
two-dimensional modes, and so H , as defined in (3.8a), is greatly enhanced. Unlike
the others, this simulation has stronger rotation than stratification (N <f ).

The collapse of the curves also fails at large Rossby numbers. This regime was
investigated in detail by Waite & Bartello (2004), who found that H scales like U/N
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Figure 11. The time-averaged vortical, wave and shear mode kinetic energy as defined in § 2
for the sets of simulations with N = 4, N = 8 (as in figure 4) and N = 16.
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as long as U/N is sufficiently larger than the dissipation scale ld . Viscous effects are
important when this condition is not satisfied. Note that Waite & Bartello (2006)
found that it is not necessary to have the Ozmidov scale larger than ld; it is smaller
than ld in all of our cases. In the simulations presented here, only those with N =4
and N = 8 have U/N > ld . When N =16, U/N and ld are not significantly different
from one another, and H is set by viscosity as a result. Even in this case, however, the
collapse of (N/U )H is excellent as Rou decreases below O(0.1) and H increases above
the dissipation scale and U/N .

6. Conclusions
We have presented a set of strongly stratified turbulence simulations with two-

dimensional vortical mode forcing over a wide range of Rossby numbers. At large
Ro, the characteristic vertical scale of the turbulence is H ∝ U/N , there is no inverse
cascade of energy, the energy spectra are insensitive to rotation, and the shear modes
grow slowly. At smaller Ro, the effects of rotation are apparent. As the macroscale
(velocity-based) Rossby number Rou decreases below 0.4 and the microscale (vorticity-
based) Rossby number Roω decreases below 3 (at the resolution considered here),
some of the injected energy begins to go upscale and the transfer of energy into the
shear modes stops (or is greatly inhibited). The energy spectra vary with Ro in this
regime: as Ro decreases, the flat range of the kz spectrum increases in amplitude and
decreases in length, while the kh spectrum steepens beyond a spectral slope of −3. By
decreasing Ro with fixed resolution, we are essentially moving upscale through the
observed atmospheric kh spectrum, from the mesoscale towards the QG scales. The
vertical scale of the turbulence departs from U/N and, when Rou < 0.2 (Roω < 2), is
proportional to (f/N)L.

These observations lead us to conclude that the transition from stratified to quasi-
geostrophic turbulence, manifested by the emergence of an inverse cascade, the
steepening of the kh spectrum, and the increase of the vertical scale above U/N ,
occurs around Rou = 0.4 and Roω = 3. This conclusion agrees with that of Lindborg
(2005), who found an inverse cascade when Roε = ε1/3/(L2/3f ) was below 0.1. Using
Lindborg’s (2005) Rossby number, our transition occurs at Roε = 0.2.

Our results indicate that the prediction of Babin et al. (1998) that the characteristic
vertical scale of rotating stratified turbulence is given by the QG scale (f/N)L does
not hold when Ro � 1, since for these weak rotation rates, the vertical scale is given
by the stratified turbulence value U/N . (N/U )H appears to collapse to a universal
function of Rossby number as predicted by Billant & Chomaz (2001), as long as
U/N is greater than the dissipation scale and N >f . Under these conditions, the
characteristic vertical scale has no separate dependence on N/f . The velocity and
vorticity fields indicate that decreasing the Rossby number affects the large vertical
scales before the small scales, in opposition to the analysis of Babin et al. (1998).
As Ro decreases, we see kz spectra modified from kz � 1 and velocity layers growing
more dramatically than vorticity layers, underlying the influence of rotation on large
vertical scales.

As we move downscale from the large QG scales of the atmosphere and ocean, our
simulations suggest that the characteristic vertical scale decreases as (f/N)L until
it reaches U/N at Ro ∼ O(1), below which it is independent of Rossby number and,
as a result, horizontal scale. This conclusion has implications for the choice of the
vertical grid spacing �z in large-scale atmosphere and ocean models as �x decreases
and extends into the atmospheric mesoscale and oceanic submesoscale. At coarse
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resolutions, �z = (f/N)�x may be an appropriate choice, but at higher resolutions,
�z is constrained instead by the need to resolve overturning, which sets in at
H ∼ U/N (O(1) km in the atmosphere and O(10) m in the ocean). �z need not be as
small as (f/N)�x as long as it is sufficiently smaller than U/N . These conclusions are
based on our simulations of turbulence dominated by vortical motion. In the future,
the influence of rotation on breaking internal waves, which make up an important
part of the dynamics of the atmospheric mesoscale and oceanic submesoscale, should
also be considered.

This paper benefited greatly from the suggestions of Erik Lindborg and two
anonymous reviewers. Financial support from the Natural Sciences and Engineering
Research Council of Canada is gratefully acknowledged, as are the computer resources
generously provided by the Consortium Laval–UQAM–McGill et l’Est du Québec.

Appendix A. Normal modes
We briefly state the linear normal modes of the Boussinesq equations (2.1) (see

Bartello 1995 for details). The Fourier-transformed equations can be written in terms
of the three independent variables

ζk = i(kxv̂k − kyûk), Dk = i
k

kz

(kxûk + kyv̂k), Tk =
kh

N
b̂′

k, (A 1)

when kh �= 0 and kz �= 0. Expressed in this basis, the linear Boussinesq equations
without forcing or dissipation take the Hermitian form

∂

∂t
W k = iLkW k, (A 2)

where

W k =

⎛
⎝ ζk

Dk

Tk

⎞
⎠ , Lk =

⎛
⎝ 0 if kz/k 0

−if kz/k 0 −Nkh/k

0 −Nkh/k 0

⎞
⎠ . (A 3)

W k can be expanded in an orthonormal basis given by the eigenvectors of Lk as

W k =
∑

j

A
(j )
k X (j )

k , (A 4)

where j is summed over 0, + and −. The eigenvectors are

X (0)
k =

1

σkk

⎛
⎝ Nkh

0

−if kz

⎞
⎠ , X (±)

k =
1√
2σkk

⎛
⎝±if kz

σkk

∓Nkh

⎞
⎠ , (A 5)

where

σ 2
k =

N2k2
h + f 2k2

z

k2
. (A 6)

The amplitudes are expressed in the variables (A 1) as

A
(0)
k =

Nkhζk + if kzTk

σkk
, A

(±)
k =

σkkDk ∓ if kzζk ∓ NkhTk√
2σkk

. (A 7)

A
(0)
k and A

(±)
k are the vortical and wave modes (or, when f �= 0, the geostrophic and

ageostrophic modes). Both vertical vorticity and (when f �= 0) vertical buoyancy shear
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contribute to the vortical mode. The wave modes account for all of the horizontal
divergence as well as (when f �= 0) the inertia-wave component of the vertical vorticity.

In this paper, we employ the normalized normal mode amplitudes B
(j )
k =A

(j )
k /kh,

since they have the units of velocity. The definition of the B
(j )
k terms can be expanded

to all k by setting

B
(0)
k = ζk, B

(±)
k = ŵk ∓ ib̂′

k

N
, (A 8)

when kz = 0, and

B
(0)
k =

b̂′
k

N
, B

(±)
k = ûk ∓ iv̂k, (A 9)

when kh = 0. They are zero when both kh, kz = 0.

Appendix B. Potential vorticity
The potential vorticity of the Boussinesq equations (2.1) is Π/ρ0, where Π , given

in (2.4), can be expanded to

Π = Π0 + Π1b + Π1ζ + Π2, (B 1)

where

Π0 = f N2, Π1b = f
∂b′

∂z
, Π1ζ = N2ωz, Π2 = ω · ∇b′. (B 2)

The subscripts 0, 1 and 2 refer to the order in the variables ω and b′. Vortical modes
contain all the linear PV (Bartello 1995). Our aim is to show that Π2/(Π1b +Π1ζ ) → 0,
i.e. that the linear PV is a good approximation to the full PV, when Fz → 0.

We proceed by performing a straightforward scale analysis of the terms in (B 2).
Define scales u, v ∼ U , w ∼ W , b′ ∼ B , x, y ∼ L and z ∼ H . Then Π1b ∼ f B/H ,
Π1ζ ∼ N2U/L and

Π2 ∼ max

(
UB

LH
,
WB

L2

)
�

UB

LH
, (B 3)

if we assume that H � L and W/H � U/L, which is reasonable for rotating stratified
turbulence. Balancing the pressure term with the nonlinear term in the u and v

components of (2.1) and assuming hydrostatic balance in the w component, the
buoyancy term can be shown to scale as B =U 2/H , implying

Π1b ∼ f
U 2

H 2
, Π1ζ ∼ N2 U

L
, Π2 �

U 3

LH 2
. (B 4)

The ratio Π2/(Π1b + Π1ζ ) then scales as

Π2

Π1b + Π1ζ

�
Fz 2

1 + Fz 2/Ro
(B 5)

� Fz 2. (B 6)

The linear term therefore dominates the quadratic term when Fz � 1.



108 M. L. Waite and P. Bartello

REFERENCES

Asselin, R. 1972 Frequency filter for time integrations. Mon. Wea. Rev. 100, 487–490.

Babin, A., Mahalov, A. & Nicolaenko, B. 1998 On nonlinear baroclinic waves and adjustment of
pancake dynamics. Theor. Comput. Fluid Dyn. 11, 215–235.

Bartello, P. 1995 Geostrophic adjustment and inverse cascades in rotating stratified turbulence.
J. Atmos. Sci. 52, 4410–4428.

Billant, P. & Chomaz, J.-M. 2001 Self-similarity of strongly stratified inviscid flows. Phys. Fluids
13, 1645–1651.

Charney, J. G. 1971 Geostrophic turbulence. J. Atmos. Sci. 28, 1087–1095.

Cho, J. Y. N., Zhu, Y., Newell, R. E., Anderson, B. E., Barrick, J. D., Gregory, G. L., Sachse,

G. W., Carroll, M. A. & Albercook, G. M. 1999a Horizontal wavenumber spectra of
winds, temperature, and trace gases during the Pacific Exploratory Missions: 1. Climatology.
J. Geophys. Res. 104, 5697–5716.

Cho, J. Y. N., Newell, R. E. & Barrick, J. D. 1999b Horizontal wavenumber spectra of winds,
temperature, and trace gases during the Pacific Exploratory Missions: 2. Gravity waves,
quasi-two-dimensional turbulence, and vortical modes. J. Geophys. Res. 104, 16 297–16 308.

Emanuel, K. A. 1986 Overview and definition of mesoscale meteorology. In Mesoscale Meteorology
and Forecasting (ed. P. S. Ray), pp. 1–17.

Hoskins, B. J., Draghici, I. & Davies, H. C. 1978 A new look at the ω-equation. Q. J. R. Met. Soc.
104, 31–38.

Laval, J.-P., McWilliams, J. C. & Dubrulle, B. 2003 Forced stratified turbulence: successive
transitions with Reynolds number. Phys. Rev. E 68, 036308.

Lilly, D. K. 1983 Stratified turbulence and the mesoscale variability of the atmosphere. J. Atmos.
Sci. 40, 749–761.

Lindborg, E. 2005 The effect of rotation on the mesoscale energy cascade in the free atmosphere.
Geophys. Res. Lett. 32, L010809.

Lindborg, E. 2006 The energy cascade in a strongly stratified fluid. J. Fluid Mech. 550, 207–242.

McWilliams, J. C., Weiss, J. B. & Yavneh, I. 1994 Anisotropy and coherent vortex structures in
planetary turbulence. Science 264, 410–413.

Nastrom, G. D. & Gage, K. S. 1985 A climatology of atmospheric wavenumber spectra observed
by commercial aircraft. J. Atmos. Sci. 42, 950–960.

Polzin, K. L., Kunze, E., Toole, J. M. & Schmitt, R. W. 2003 The partition of finescale energy
into internal waves and subinertial motions. J. Phys. Oceanogr. 33, 234–248.

Reinaud, J. N., Dritschel, D. G. & Koudella, C. K. 2003 The shape of vortices in quasi-
geostrophic turbulence. J. Fluid Mech. 474, 175–192.

Riley, J. J. & deBruynKops, S. M. 2003 Dynamics of turbulence strongly influenced by buoyancy.
Phys. Fluids 15, 2047–2059.

Riley, J. J., Metcalfe, R. W. & Weissman, M. A. 1981 Direct numerical simulations of homogeneous
turbulence in density-stratified fluids. In Nonlinear Properties of Internal Waves (ed. B. J. West),
pp. 79–112.

Smith, L. M. & Waleffe, F. 2002 Generation of slow large scales in forced rotating stratified
turbulence. J. Fluid Mech. 451, 145–168.

Staquet, C. & Riley, J. J. 1989 On the velocity field associated with potential vorticity. Dyn. Atmos.
Oceans 14, 93–123.

Waite, M. L. & Bartello, P. 2004 Stratified turbulence dominated by vortical motion. J. Fluid
Mech. 517, 281–308.

Waite, M. L. & Bartello, P. 2006 Stratified turbulence generated by internal gravity waves. J. Fluid
Mech. 546, 313–339.


