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Overview

MHD Turbulence is inherently anisotropic

MHD and HD turbulence fundamentally differ
Real MHD turbulence ~ inertial & small scales

Ideal MHD turbulence provides some guidance

— Limit of hyper-dissipation as n—o

— Quasi-equilibrium theory for large-scales
— Anisotropy through broken symmetry

— Q  or B, give further structure



Basic Equations
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= Vx[ux(w+29,)+jx(b+B,)]+rVw,

= Vx[ux(b+B,)]+nVb.

V-u=V:-b=0. w=Vxu, j=Vxbhb.

Q, = .z and B, = B.x




Five Cases of Ideal MHD Turbulence
(v=n=0)

Case Mean lield Rotation Invariants
l Bl-, — ﬂ' Qn — ﬂ' ,E.. H{_f_*.. Hﬂd
I1 B,#0 Q.=0 E. He
I11 B,=10 Q2,40 E, Hy,
IV B,#0 Q.=0oB, E, Hp

Vv B, #0 Q, x B, #0 E

Hp= Hc—oHy., where o is defined by the relation 2, =08B,.



Fourier Transform

Fourier transformation from x-space to k-space and back.

-u(x.f) | 1 _fl(k~f) _ ikox
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(k) = ay(k.t)e (k) + (k. t)eq(k).
b(k) = bi(k,t)éi(k) + by(k, t)es(k).

Statistical analysis done on Fourier modes in k-space.

Numerical solution by Fourier spectral transform method.



Statistical Mechanics of Ideal MHD Turbulence
(Frisch, et al., JFM, 1975)

1 o _
D = - exp(—all — BHe — vHyy)

— fe}{p(—aﬁ —,ﬁﬁg —ﬁf-*ﬁM)dF
r

Quadratic invariants
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|[deal MHD Modal PDF
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|ldeal MHD Eigenanalysis

(k) = BuGrug(k) — by (k),
va(k) = .-*3 (p U_ (k)—I—C;:rb (k).
ia(k) = BGlig(k) + ¢rbe(k),
(k) =~ (k) + (b (k)
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is (k) = (k) £ig(k),  ba(k) =bi(k) £iby(k).
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ldeal MHD Spectra

---|ﬂn(k, O)|2
"'|Bn(ka0)‘2
— |tn(k, t)

|2
avg.

(b)

643; E = 1.000, H. =0.3480, H,, = 0.09197; At=1073;t=0 to 200.
[u.(K) and b, (k) come from a Craya decomposition of u(k) and b(k).]



Eigenvariable Spectra: |v,(k)[? = /A,
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v, (K)]2 ~ O(E) for k2 = 1, but other |v,(K)[2 ~ O(E/N3).



Expectation: Zero-mean Random Variables

u(k) = uy(k,t)e;(k) + uy(k, t)es(k). b(k) = by(k,t)é1(k) + bao(k, t)éa(k).
Run la, 64°. Blue: ul(Z,0,0); Green: u2(2,0,0). Run 1a, 64°. Blue: b1(2,0,0); Green: 52(2,0,0).
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Reality: Broken Ergodicity & Symmetry

643 runs 1a (gray: v=mn=0) and 1 (black: v =n = 0.004)
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Low-k modes don’t behave as expected.

This gives large-scale anisotropy in MHD turbulence .



Broken Ergodicity

Statistical theory tells us that v, (k), |k |=1, is very large, so
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. ~0 = V,(k) become quasistationary.




Rotation: Q, =0 — 3 =0.
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v1(k.t) = ﬁ[ul(k t)+iug(k. t)], wva(k.t) = \/i[-u.l(k,t) — iug(k, t)].
Nonlinear eigenmodes

N 1 . i - -
'1?3{1{, f-) — T[bl(k f) + Ebg{k f)] 'U4fk,f) — ﬁ[bl{k f) — 'E'.bg(k,f)]*



Recent 32° Runs: E,, (k) atk? =1
Q, = .,z and B, = B.x
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Effect of Rotation
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Rotational Anisotropy — Dipole Angle
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Mean Magnetic Field:B,0 -y =0

10 : : ——— : :
EK,M(k) -
\ Ideal Spectra:
52" Run R o = 0.916697, B =-0.383503, y=0
v=n=0
-5
10 ! ' e
10 10" 10
k
Ideal MHD B, = B.x Real MHD
(©)B =1,Q =0
2 —k=x
10 -y — k=9 | Dynamical anisotropy [E(k,) > E(k;)] due to
E (k) — k=12 resonant excitation of Alfven waves:
ks, =Kk, + Ky,
-4
Above, o(k) = B,-k. Thus, either w(k;) or o(k,) = 0.
Also, anisotropy increases as k increases.
10_6 (Shebalin, et al., JPP, 1983; Oughton, et al., JFM, 1994.)
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Rotation and Mean Field Effects

90
B, =1x ﬁg% B, = 1%, 2, = 102
i —0.=0 4 0t § —
%0 — 0,12 % N —Us(2)
— 0, =5z | —a(2)
70k 15+ \ —U3(¥)
| —Uu(¥)
60} 10¢ —U3(X)
U4(X)
sof st
Dy
401t ok
”“l.vf‘?
30FY ! -5t 2
20f ~10}
10t -15}
(a) (b)
D 1 1 1 1 1 _2 1 1 1 1 1 1 1
0 500 1000 , 1500 2000 2500 3000 =25 -20 -15 -10 -5 0 5 10 15

323 runs R5 to R8: t = 0 to 3000 (At = 10-3); stationarity not yet reached.

Evolution towards equilibrium of k = 1 modes L to B, appears to slow down.

The dipole moment (k = 1) appears to line up with B,xQ,, in the short-term.

Fluctuations in 0y, , decrease as [€2,| increases.

20



Conclusions

* When B, =0 (e.g., geodynamo), lowest-k modes can have large energies.
In this case, ideal MHD results appear to carry over to v, n > 0.
Energetic, coherent structures form at the largest scales.

These are anisotropic through broken ergodicity & symmetry.
When Q, # 0, dipole alignment occurs: further anisotropy.
 When B, # 0 (e.g., SW), all modes are expected to have same average energy.
In this case, ideal MHD results don’t carry over to v, n > 0.
Relaxation to ideal state may take a long time.
Dissipation and B, = 0 lead to anisotropy: E(k ) > E(k});
also, anisotropy persists as k increases.
 Special case: B,-Q,# 0, B,xQ,=0; H- — (©,/B,)H,, = ideal invariant.
 Need to incorporate B, and Q, into stat mech & LES; TBD in Session 4.



